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Abstract

We investigate optimal favoritism using identity-contingent prizes in a two-player

Tullock model. Besides the usual balance effect, prize allocation has an extra efficiency

effect: One additional unit of prize tends to induce more effort, if it is used as the

winning prize for the stronger player whose marginal cost is lower. We find that

a total-effort-maximizing (contest) designer should offer a larger prize to the strong

player if and only if the contest is sufficiently noisy. Our results are in contrast to

conventional wisdom obtained from contest models with biased winner selection rules,

in which leveling the playing field is always preferable in a two-player setting.
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1 Introduction

It is well known that the competitive intensity in a contest (or contest situation) crucially

depends on the competitive balance between contestants. For instance, in a two-player
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contest in which the underdog is much weaker than the favorite, one can expect a low level

of competition in the sense that the (contestants’) total effort is low, because the underdog

only invests little effort since his winning chance is quite low, and in equilibrium this also

leads to a low level of effort from the favorite. Thus, the (contest) designer, who often seeks

to maximize total effort, may prefer a biased contest, in which contestants receive unequal

treatment and thus a more balanced competition is induced.

In the real world, many competitive balance policies, such as affirmative action policies,

are implemented based on ethical concerns. For instance, in the US, applicants from certain

underrepresented racial and ethnic groups are preferred in college admissions in many states,

and gender quotas in political organizations can be observed worldwide. In these situations,

a set of contestants with a certain identity are favored in the winner-selection process. This

literature on favoritism using biased winner-selection process has been well established, in-

cluding the contributions of Konrad (2002); Che and Gale (2003); Fu (2006); Siegel (2009,

2014); Pastine and Pastine (2012); Li and Yu (2012); Kirkegaard (2012); Franke et al. (2014);

Fu and Wu (2020), and Deng et al. (2021), among many others.1 The conventional wisdom

of leveling the playing field is discovered and repeatedly confirmed under different model

settings in this literature. Intuitively, this is because when the underdog is incentivized and

invests more effort, the favorite’s best response is to expend more effort as well.2

In this paper, we focus on identity-contingent prizes rather than biased winner-selection

process to study optimal favoritism in contests. Identity-contingent prizes are widely ob-

served. For instance, in a promotion contest within an organization, a more capable winner

typically is allocated to a more important position and thus is paid better. When employees

compete at an intermediate hierarchy level within a firm, a more capable candidate would

attach a higher value on winning the competition, since s/he has a better chance for further

career development along the hierarchical ladders. Identity-contingent prizes can also be

found in other competitions: In many sports, the value of the prize may vary substantially

across individuals. In a typical Ultimate Fighting Championship (UFC) fight, the winner’s

real prize consists of a pay raise (by negotiating with the UFC on the base pay after the

match) and a win bonus. Usually the more popular fighter gets a higher pay raise after

his/her victory.

In this paper, we study a contest in which two asymmetric contestants compete for

prizes which are identity-contingent. We assume that the designer’s expected payoff equals

1See Chowdhury et al. (2020) for a comprehensive survey of biased contests.
2There also are problems with biased contests when other issues are around, such as sabotage. Brown

and Chowdhury (2017) show that both levels of total effort and sabotage (destructive effort) are higher in

biased contests.
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her benefit, which increases with the total effort invested by contestants, less her expected

expenditure of allocating prizes to contestants. First, we show that given any expected prize

expenditure Γ > 0, there exists an optimal prize allocation that induces the highest level

of total effort in equilibrium. Based on this result, the optimal prize allocation with no

constraints on the expected prize expenditure can be obtained by identifying the optimal Γ.3

Surprisingly, by analyzing the optimal prize allocation for a given expected prize expendi-

ture Γ, we find that leveling the playing field is only effective when the contest is sufficiently

accurate—that is, when the contest is sufficiently noisy a larger prize should be offered to

the strong player, and thus the competition becomes even less balanced in this sense. Our

finding echoes that of Drugov and Ryvkin (2017) who show that biased contests (in which

one player has an advantage in the winner-selection process) of symmetric players can be

optimal under certain conditions, in the sense that making the competition more unbalanced

can improve overall performance.4

By checking the expression of each player’s equilibrium effort, we can see that, as the

conventional wisdom tells us, there is a tendency for the designer to increase the prize for

the weak player, which incentivizes himself and further motivates the strong player. This is

referred to as the “balance effect.” In the meanwhile, there is a tendency for the designer

to increase the prize for the strong player, because a one-unit increase of the prize for the

strong player corresponds to a larger increase of his individual effort, since it is less costly

for the strong player to exert the same amount of effort compared with his opponent. This

is referred to as the “efficiency effect.”

Intuitively, in a contest with a low level of accuracy, the competition is less fierce in

the sense that players’ effort levels are sufficiently low. The efficiency effect dominates the

balance effect because the latter is relatively weak—when the contest is noisy, the strong

player will not increase much effort when the weak player increases effort. In contrast,

when the contest is sufficiently accurate, the competition is sufficiently fierce in the sense

that two players’ effort levels are sufficiently high, the efficiency effect is dominated by the

balance effect because the latter is relatively strong—when the contest is accurate, the strong

player will increase his effort substantially when the weak player increases effort. The above

observations explain why a larger prize should be offered to a strong/weak player when the

3For a similar approach, see Drugov and Ryvkin (2020a, Section 4.3), in which a Lazear-Rosen tournament

with a flexible budget is studied.
4Fu et al. (2012) analyze the role of subsidies in innovation contests, and show that under some conditions

(e.g., when the development process involves substantial difficulty), it is optimal to preferentially subsidize

the more able player. In a contest model in which a player’s output depends on effort and ability, Bastani

et al. (2020) show that total effort can be larger when players’ abilities become more heterogeneous.
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accuracy level of a contest is low/high.

This paper is closely related to Fu and Wu (2020), who provide a general analysis of bi-

ased winner selection in N -player contests. In their model, leveling the playing field is always

preferable when N = 2, although this does not extend to cases with N ≥ 3. Specifically, with

N = 2, they find that the total-effort-maximizing contest perfectly levels the playing field in

the sense that each player’s winning probability is exactly one-half in equilibrium.5 In con-

trast, we focus on offering unequal prizes to contestants, and keeping the non-discriminatory

winner-selection process intact. Our analysis shows that the two instruments have signifi-

cantly different implications on optimal favoritism.

Our paper is most closely related to Gürtler and Kräkel (2010), who also study contests

with identity-contingent prizes.6 They find that the weak player should be offered a larger

prize under regularity conditions. This differs from our result, which says that this is only

true when the competitive environment is noisy enough. The differences in the two papers’

results lie in the differences of the two contest models. Gürtler and Kräkel (2010) study

a tournament model, in which a player wins if the players’ effort difference plus a random

noise is strictly greater than zero. We analyze a Tullock contest model, in which, by the

interpretation from a noisy-performance-ranking perspective (Fu and Lu, 2012), a player wins

if the difference in logarithms of players’ impact functions plus a random noise is strictly

greater than zero. Technically, the result of Gürtler and Kräkel (2010) means that in our

model the sum of logarithms of players’ impact functions is maximized when the weak player

is favored. However, this does not mean the sum of equilibrium efforts is maximized at the

same time. Let the impact function takes a power form with r ∈ (0, 1) being the power.

Let yi = ln(xri ), i ∈ {1, 2}, in which xi denotes player i’s equilibrium effort. Then the sum

of efforts is [exp(y1)]
1/r + [exp(y2)]

1/r . Note function [exp(y)]1/r is convex, and the degree

of its convexity increases dramatically as r converges to zero. Therefore, for a small r, to

maximize the sum of equilibrium efforts subject to a constant value of (y1 + y2), one should

instead increase the difference between y1 and y2. This means that when r is small, to induce

a higher level of total effort, it can be more effective to incentivize the stronger player to

exert greater effort.

5Epstein et al. (2011) are the first to compare (two-player) all-pay contests and Tullock contests under

optimal discrimination in the winner-selection process. Technically, the Tullock contest model of Epstein et

al. (2011) with γ = 0 in the designer’s objective function (i.e., the designer only aims to maximize total

effort and ignores contestants’ payoffs) is equivalent to the two-player model of Fu and Wu (2020).
6In both Gütler and Kräkel (2010) and this paper, a player gets zero when someone else wins the contest.

In contrast, Linster (1993) considers a multi-player Tullock contest with r = 1, in which a player may get a

non-zero prize when he is not the winner, and the value of the prize depends on the identity of the winning

opponent.
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Perez-Castrillo and Wettstein (2016) study a contest model with incomplete information

about players’ abilities—i.e., each player’s ability is his private information, in which one’s

perceivable output equals the sum of his effort and ability. They show that with ex ante iden-

tical contestants, a discriminatory contest where the reward depends on the identity of the

winner (i.e., contests with identity-contingent prizes) can dominate the non-discriminatory

contest. In contrast, we study a Tullock contest model with heterogenous contestants un-

der complete information—i.e., each player’s ability is common knowledge among for all

contestants and the (contest) designer.

2 The Model

Two contestants, denoted by 1 and 2, compete in a Tullock contest by exerting irreversible

effort. Given players’ effort entries (x1, x2), player i, ∀i ∈ {1, 2}, wins the contest with

probability

Pi(x1, x2) =


xri

xr1 + xr2
if x1 + x2 > 0,

1/2 if x1 + x2 = 0,
(1)

where the parameter r ∈ (0, 1], which is often referred to as the discriminatory power, can

also be interpreted as the accuracy level of the contest.7

Let player i’s marginal cost of exerting effort be ci > 0, ∀i ∈ {1, 2}. Without loss of

generality, assume that c1 ≤ c2, which implies that player 1 (resp. 2) is the more (resp. less)

able player. Define the ability ratio of the two players as

c =
c1
c2

,

and, clearly, c ∈ (0, 1] since c1 ≤ c2. The two players are symmetric when c = 1, and player

1 becomes relatively more able than player 2 when c gets smaller.

The contest designer benefits from greater effort induced from the players, and suffers

from higher expected expenditure on prizes paid to the players. Let ψ (TE) be the designer’s

benefit function, which increases in TE, where TE denotes the contestants’ total effort

induced in equilibrium. The designer’s expected payoff, denoted by Π, equals her benefit

ψ (TE) less the expected cost of allocating prizes, denoted by Γ, so we write

Π = ψ (TE)− Γ,

7We focus on r ∈ (0, 1] for two reasons. First, as will be shown later, it is a sufficient condition to ensure

the existence and uniqueness of a pure-strategy equilibrium; Second, it makes a direct comparison between

this study and Fu and Wu (2020), in which r ∈ (0, 1].

5



where

Γ = P e
1V1 + P e

2V2,

in which P e
i is the probability that player i wins and gets prize Vi in equilibrium, ∀i ∈ {1, 2}.8

The sequence of moves in this contest game is as follows. In stage 1, the designer chooses

an identity-contingent prize allocation, denoted by V = (V1, V2), and announces it publicly.

In stage 2, two players exert effort simultaneously, and the winner is rewarded as previously

announced in stage 1.

We aim to identify the optimal prize allocation, denoted by V∗∗ = (V ∗∗1 , V ∗∗2 ), such that it

maximizes the designer’s expected payoff Π. In the following analysis, we first show that for

any given expected prize expenditure Γ > 0, there exists a unique optimal prize allocation

V∗(Γ) = (V ∗1 (Γ), V ∗2 (Γ)) that yields the highest level of total effort. That is to say, for any

given Γ > 0, the designer’s maximized payoff is given by

Π(Γ) = ψ (TE(V∗(Γ)))− Γ.

Thus, Π(Γ) can be seen as a function of a single variable Γ. We further show that there exists

a unique Γ = Γ∗ > 0 that maximizes the designer’s payoff. Notice that once Γ∗ is determined,

the optimal identity-contingent prize allocation V∗∗ = V∗(Γ∗) can be immediately identified.

3 The Analysis

We first identify the optimal identity-contingent prize allocation V∗(Γ) for an arbitrary

expected prize expenditure Γ > 0.

We solve this two-stage game by backward induction. In stage 2, for a given prize

allocation V = (V1, V2), player i’s expected payoff, denoted by πi, is given by

πi = Pi(x1, x2)Vi − cixi,

where Pi(x1, x2) is given by (1), ∀i ∈ {1, 2}. The first-order condition of player i’s maxi-

mization problem implies that

rVix
r
ix

r
j = cixi(x

r
i + xrj)

2, (2)

8Later on, we show that once c1, c2, and r are given, for any prize allocation V = (V1, V2) with an

expected prize expenditure Γ, there exists a unique pure-strategy equilibrium for any r ∈ (0, 1], in which the

two players’ effort outlays xe1 and xe2 and the corresponding winning probabilities P e
1 and P e

2 can be derived.
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∀i, j ∈ {1, 2} and i 6= j. When a pure-strategy equilibrium exists, we must have x1 > 0 and

x2 > 0.9

Using (2), we derive that when a pure-strategy equilibrium exists, the equilibrium effort

levels, denoted by xe1 and xe2, are given by

xe1 = r
(c1c2V1V2)

r

[(c1V2)r + (c2V1)r]
2

(
V1
c1

)
,

xe2 = r
(c1c2V1V2)

r

[(c1V2)r + (c2V1)r]
2

(
V2
c2

)
.

(3)

Define

t =
c1V2
c2V1

. (4)

By (3), we derive that the two players’ effort ratio equals t (as defined above) in equilibrium:

xe2
xe1

= t. (5)

This is intuitive, because (5) can be written as xe2/x
e
1 = (V2/c2)/(V1/c1), which means that

player i’s equilibrium effort becomes relatively larger than his opponent’s when his individual

prize (Vi) increases or/and his marginal cost (ci) decreases.

Next, we show that for any r ∈ (0, 1], a pure-strategy equilibrium indeed exists.10

Lemma 1 For any prize allocation V = (V1, V2), there always exists a unique pure-strategy

equilibrium for any r ∈ (0, 1].

Proof. See Appendix.

Using (4) and c = c1/c2, we have
V1
V2

=
c

t
. (6)

From (5) and (6), the following result can be obtained.

Lemma 2 For a prize allocation V = (V1, V2) and r ∈ (0, 1], the two players’ effort ratio

xe2/x
e
1 always equals t in equilibrium, where t is given by (4). We can further derive that

t > c if V1 < V2, t = c if V1 = V2, and t < c if V1 > V2.

9Because any player will have an incentive to secure the prize by exerting an arbitrarily small amount of

effort when his opponent’s effort is zero, which cannot be an equilibrium.
10Actually, it can be shown that for V = (V1, V2), a unique pure-strategy equilibrium exists if and only if

r ∈ (0, r̂], where r̂ > 1 is determined by cV2/V1 = (r̂ − 1)
1
r̂ if V1 ≥ cV2, and cV2/V1 = (r̂ − 1)−

1
r̂ if V1 < cV2.

It can be further derived that r̂ ∈ (1, 2]. As mentioned before, we focus on r ∈ (0, 1] because it makes a

direct comparison between this study and Fu and Wu (2020), in which r ∈ (0, 1].
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Notice that in a standard Tullock contest with asymmetric players, it is often assumed

that the two players with different abilities (i.e., marginal costs of exerting effort) compete

for the same value of prize.11 This is equivalent to a special case of the current model—i.e.,

in which V1 = V2 (= Γ), and by the above lemma, we have t = c in this case.

More importantly, the above lemma also shows that when prizes are allowed to be identity

contingent—i.e., when the cases in which V1 6= V2 are also considered, relatively speaking,

each player has an incentive to increase (resp. decrease) his effort more than his opponent

when is individual prize gets larger (resp. smaller). This result is intuitive, because compared

with the benchmark case in which V1 = V2 and t = c, a relatively larger Vi means that player

i is better incentivized, and thus xi becomes relatively larger compared with his opponent—

e.g., V2 > V1 (resp. V1 > V2) means that player 2 (resp. 1) is better motivated than

his opponent and thus the equilibrium effort ratio t (recall that xe2/x
e
1 = t in equilibrium)

becomes larger (resp. smaller), which explains why t > c (resp. t < c) in this case.

Next, we seek to identify the optimal prize allocation that maximizes the expected total

effort among all prize allocations that have an expected prize expenditure Γ > 0—i.e., we

focus on those prize allocations V = (V1, V2) such that in equilibrium, V1 and V2 satisfy

P e
1V1 + P e

2V2 = Γ, (7)

where P e
i is the probability that player i wins and gets prize Vi in equilibrium.

In stage 1, among all prize allocations satisfying (7), the designer needs to choose the

one that maximizes the equilibrium total effort TE, where by (3),

TE = xe1 + xe2 =
r(c1c2V1V2)

r

[(c1V2)r + (c2V1)r]
2

(
V1
c1

+
V2
c2

)
. (8)

Using (4), (7) can be rewritten as

1

1 + tr
V1 +

tr

1 + tr
V2 = Γ. (9)

Notice that once t is given, the corresponding prize allocation V = (V1, V2) satisfying

both (4) and (9) is determined, where

V1 =
c1(1 + tr)

c1 + c2t1+r
Γ,

V2 =
c2t(1 + tr)

c1 + c2t1+r
Γ.

(10)

11With risk-neutral players, the model with the same ability but heterogeneous valuations of the prize is

equivalent to the model with heterogeneous abilities but the same valuation of the prize. See Wang (2010)

and Fu and Wu (2020) for further discussions.
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Using (4), (8), and (10), the expression of total effort can be rewritten as

TE =
rtr

(1 + tr)

(
1 + t

c1 + c2t1+r

)
Γ, (11)

which is a function of a single variable t, given the values of exogenous variables c1, c2, r,

and Γ.

It should be emphasized that, for any t ∈ (0,∞), one can uniquely pin down V1 and V2, as

in (10). Therefore, the designer’s original maximization problem in stage 1—i.e., maximizing

(8) subject to (7) by choosing a prize allocation V = (V1, V2) optimally—is equivalent to

maximizing (11) by choosing a value of t optimally.

Proposition 1 For any Γ > 0, there exists a unique value of t∗ such that the expected total

effort (11) is maximized at t = t∗, where t∗ is uniquely determined by

c =
t∗r+1 + t∗2r+1 + t∗2r+1(1 + t∗)r

t∗r+1 + t∗ + (1 + t∗)r
. (12)

It can be shown that

(i) the value of t∗, which only depends on c and r, has no relation with Γ;

(ii) t∗ increases with c, t∗ ∈ (0, 1] when c ∈ (0, 1], and t∗ = 1 if and only if c = 1.

Proof. See Appendix.

By (10) and (12), we can see that for any given Γ, there is a one-to-one relationship be-

tween the optimal equilibrium effort ratio t∗ and the optimal prize allocation V∗ = (V ∗1 , V
∗
2 ),

in which t∗ is independent of Γ, and both V ∗1 and V ∗2 are linearly related to Γ.12

The following is the main result of this paper.

Proposition 2 When the two players are asymmetric—i.e., when c < 1—there exists a

unique threshold r̃, where r̃ ∈ (0, 1], such that V ∗1 > V ∗2 when r ∈ (0, r̃), V ∗1 = V ∗2 when

r = r̃, and V ∗1 < V ∗2 when r ∈ (r̃, 1]; when the two players are symmetric—i.e., when

c = 1—we always have V ∗1 = V ∗2 for every r ∈ (0, 1].

Proof. See Appendix.

Figure 1 exemplifies the result of the above proposition through a contest with c1 = 0.6

and c2 = 1. In this case, it can be derived that r̃ ≈ 0.495, and we can see that for r ∈ (0, 1],

12In Drugov and Ryvkin (2020a) also study a tournament model with a flexible budget (Section 4.3), in

which they also show that the structure of optimal prizes does not depend on the size of the budget.
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Figure 1: The relationship between optimal prize ratio and r (c1 = 0.6, c2 = 1 )

V ∗1 > V ∗2 (resp. V ∗1 < V ∗2 ) when r < r̃ (resp. r > r̃)—i.e., it is optimal to offer a larger prize

to the strong (resp. weak) player if the contest is sufficiently noisy (resp. accurate).

Next, we offer some intuition behind the above results. Using (3), player i’s equilibrium

effort, ∀i ∈ {1, 2}, can be rewritten as

xei = r [p1(1− p1)] (Vi/ci) . (13)

In the following discussions, p1(1− p1) is referred to as the middle term and Vi/ci as the last

term of (13), respectively.

Consider the case in which V1 = V2 as the starting point of our analysis. A larger

V2 (resp. V1) will increase (resp. decrease) the two players’ effort levels by increasing the

middle term of (13), p1(1−p1), because it can be shown that for prize allocations V in which

V1 ≥ cV2, p1(1− p1) is increasing in V2 and decreasing in V1.
13 From this perspective, there

is a tendency for the total-effort-maximizing designer to increase V2 and decrease V1, which,

as noted before, is called the “balance effect.” This is because, intuitively, a larger V2 implies

that the weak player, player 2, can be better incentivized, which can further motivate the

strong player, player 1—i.e., a larger V2 (and a smaller V1) may increase both players’ effort,

as the battlefield is more balanced.

Next, we focus on the change in the last term, Vi/ci, rather than that in the middle term.

From the starting point at which V1 = V2, a one-unit increase in V1 will increase player 1’s

13When V1 = V2, clearly, we have V1 ≥ cV2, as c ∈ (0, 1].

10



effort by 1/c1, while a one-unit increase in V2 can increase player 2’s effort by 1/c2 and,

clearly, 1/c2 < 1/c1. From this perspective, there is a tendency for the designer to increase

V1 (rather than V2), which, as noted before, is called the “efficiency effect.”

Notice that with a given Γ, an increase/decrease in V1 must correspond to a decrease/increase

in V2, in order to make (7) hold. Therefore, starting from the case with V1 = V2, for a given Γ,

the balance effect favors increasing V2/V1, while the efficiency effect favors decreasing V2/V1.

In the proof of the above proposition, we show that V ∗2 /V
∗
1 is increasing in r, where recall

that V ∗1 and V ∗2 denote the optimal prize allocation for a given Γ. This result implies that

to maximize total effort, the designer will offer the weak (resp. strong) player a relatively

bigger (resp. smaller) prize when the contest becomes more accurate.

Intuitively, when r is sufficiently small, the competition is less fierce in the sense that the

two players’ effort levels are sufficiently small. The efficiency effect dominates the balance

effect because the latter is relatively weak—when r is low, the strong player will not increase

effort much if the weak player increases his effort. In contrast, when r is sufficiently large, the

competition is sufficiently fierce in the sense that the two players’ effort levels are sufficiently

high. The efficiency effect is dominated by the balance effect because the latter is relatively

strong—when r is high, the strong player will increase effort substantially if his opponent

increases effort.

By (11), we can see that for a given Γ > 0, the highest total effort is induced if and only

if t = t∗, where t∗ is determined by (12), and thus has no relation with Γ. Then, for any

given Γ, the designer’s maximized payoff Π can be written as

Π(Γ) = ψ

(
rt∗r

(1 + t∗r)

(
1 + t∗

c1 + c2t∗1+r

)
Γ

)
− Γ.

The above analysis shows that for given values of c1, c2, and r, Π is a function of a single

variable Γ.

The following assumption is a sufficient (but not necessary) condition for the existence

and uniqueness of Γ∗ that maximizes the designer’s expected payoff.

Assumption 1 The designer’s benefit function ψ (·) is twice differentiable, with ψ (0) = 0,

ψ′ (x) > 0, ψ′′ (x) < 0 for any x > 0, limx→0+ ψ
′ (x) =∞, and limx→∞ ψ

′ (x) < 1.

Under this assumption, it can be shown that Γ∗ is uniquely determined by Π′(Γ∗) = 1.

The following proposition offers the optimal prize allocation that maximizes the designer’s

expected payoff, with no constraint on the expected prize expenditure Γ.
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Proposition 3 Under Assumption 1, there exists a unique Γ∗ > 0 such that V∗∗ = V∗(Γ∗) =

(V ∗1 (Γ∗), V ∗2 (Γ∗)) is the optimal prize allocation that maximizes the designer’s expected payoff.

4 Concluding Remarks

Contests with identity-contingent prizes are commonplace in the real world—e.g., pay vari-

ation within hierarchy levels in organizations and different winning prizes for individual

athletes in sports.14 We study the optimal design of identity-contingent prizes in Tullock

contests, and find that the strong/weak player should be offered a larger prize if the contest

is sufficiently noisy/accurate, which implies that the conventional wisdom of leveling the

playing field dose not hold in general. Our results are in contrast to the findings obtained

from contest models with biases in the winner-selection process, in which leveling the playing

field is always preferable in a two-player setting (Fu and Wu, 2020). Our findings can be intu-

itively explained by a balance effect and an efficiency effect when setting identity-contingent

prizes.

In this paper, we have been focusing on an environment with two contestants, since we

mainly aim to reveal whether the weaker player should always be favored in such a setting.

A more general analysis with multiple players is technically challenging, but it could be

rewarding in terms of revealing other interesting findings. We leave this to future work.

5 Appendix

5.1 Proof of Lemma 1

The first-order conditions show that there exists at most one pure-strategy equilibrium.

Next, we show that the equilibrium candidate given in equation (3) is indeed a pure-strategy

equilibrium, by showing that each player’s equilibrium effort choice is a global optimum.

14More examples can be found inside organizations. For instance, a firm may run an R&D contest to

promote innovations, in which multiple innovators (research teams) are involved—e.g., an inside innovator

and an outside innovator (Neyer et al., 2009), and the prize value can be different, depending on the winner’s

identity.

12



First, we derive the second-order conditions as follows:

∂2π1

∂x21
=

rV1x
r−2
1 xr2 [(r − 1)xr2 − (1 + r)xr1]

(xr1 + xr2)
3 ,

∂2π2

∂x22
=

rV2x
r−2
2 xr1 [(r − 1)xr1 − (1 + r)xr2]

(xr1 + xr2)
3 .

Given x2 = xe2,
∂2π1

∂x21
< 0 for all r ∈ (0, 1]. Since π1 = 0 if x1 = 0, we can derive that xe1

is player 1’s optimal choice if π1|x1=xe1 ≥ 0 and ∂2π1

∂x21
|x1=xe1 < 0. Similarly, we can also derive

that given x1 = xe1, x
e
2 is player 2’s optimal choice if π2|x2=xe2 ≥ 0 and ∂2π2

∂x22
|x2=xe2 < 0.

Given x1 = xe1 and x2 = xe2, the two players’ expected payoffs are given by

π1 =
tr

(1 + tr)2

[
(1− r) +

1

tr

]
V1,

π2 =
t2r

(1 + tr)2

[
1− (r − 1)

1

tr

]
V2,

where
xe2
xe1

= t = c
V2
V1
.

To ensure that the effort levels given by equation (3) constitute an equilibrium, we need that

at x1 = xe1 and x2 = xe2,

∂2π1

∂x21
< 0,

∂2π2

∂x22
< 0, π1 ≥ 0, π2 ≥ 0.

It can be checked that the above inequalities hold for all r ∈ (0, 1].

5.2 Proof of Proposition 1

We can derive that

dTE

dt
=
rtr−1c2(t

r+1 + t+ r + rt) (c− f(t, r))

(1 + tr)2(c1 + c2t1+r)2

where

f(t, r) =
tr+1 + t2r+1 + t2r+1(1 + t)r

tr+1 + t+ (1 + t)r
, (14)

which is a function of t and r. Note that 0 < c ≤ 1 and f(t, r) > 0. We derive that

∂f

∂t
=

r(r + 1)(t+ 1)tr

(tr+1 + rt+ r + t)2
[
(2r + 1)tr+1 + t2r+1 + (2r + 1)tr + 1

]
> 0.
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That is to say, f(t, r) is increasing in t. Because f(t = 0, r) = 0 and f(t = 1, r) = 1, there

exists a unique t = t∗, where t∗ ∈ (0, 1], such that

dTE

dt
T 0 if t S t∗.

Clearly, TE reaches its maximum at t = t∗.

5.3 Proof of Proposition 2

Given c and r, we have a unique t∗. Next, we analyze the relationship between t∗ and r.

From the proof of Proposition 1, t∗ is determined by

c = f(t∗, r) =
(t∗)r+1 + (t∗)2r+1 + (t∗)2r+1(1 + t∗)r

(t∗)r+1 + t∗ + (1 + t∗)r
.

We further derive that

∂f(t∗, r)

∂r
=

(t∗)r+1

((t∗)r+1 + rt∗ + r + t∗)2
[g1((t

∗)r+1 − 1) + g2 log(t∗)],

where

g1 = (t∗ + 1)((t∗)r + 1),

g2 = 2r2(t∗ + 1)2(t∗)r + t∗((t∗)r + 1)2 + r(t∗ + 1)(2(t∗)r+1 + (t∗)2r+1 + 2(t∗)r + 1).

When c = 1, we always have t∗ = 1. Next, we turn to the more interesting case in which

c < 1.

For any given c < 1, we have t∗ < 1. We further derive that ∂f(t∗,r)
∂r

< 0 for any c < 1,

because g1 > 0, g2 > 0, (t∗)r+1 − 1 < 0 and log(t∗) < 0. Based on the fact that c = f(t∗, r),
∂f(t∗,r)
∂t∗

> 0, and ∂f(t∗,r)
∂r

< 0, total differentiation of f(t∗, r) implies that dt∗

dr
> 0 for a given

c < 1.

Furthermore, it can be shown that t∗ → 0 when r → 0+. To see this, when r → 0+, (12)

becomes

c = lim
r→0+

f(t∗, r) = lim
r→0+

(t∗)r
[

(t∗)r+1 + t∗

(t∗)r+1 + t∗

]
= lim

r→0+
(t∗)r.

Let y = 1/r, we have y →∞ when r → 0+. Thus, we further derive that

lim
r→0+

t∗ = lim
r→0+

c
1
r = lim

y→∞
cy = 0.
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When r = 1, (12) becomes

c = (t∗)2
[

(t∗)2 + 2t∗ + 1

(t∗)2 + 2t∗ + 1

]
= (t∗)2,

which implies that t∗ =
√
c > c, as c < 1.

The above results imply that for a given c < 1, there exists a unique value of r = r̃,

where r̃ ∈ (0, 1], such that t∗ = c when r = r̃, and r̃ = 1 if and only if c = 1. It can be

further shown that t∗ < c when r < r̃, and t∗ > c when r > r̃, using dt∗

dr
> 0.
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[4] Chowdhury, S. M., Esteve-González, P., & Mukherjee, A. (2020). Heterogeneity, leveling

the playing field, and affirmative action in contests. working paper.

[5] Deng, S., Fu, Q., & Wu, Z. (2021). Optimally biased Tullock contests. Journal of Math-

ematical Economics, 92, 10-21.

[6] Drugov, M., & Ryvkin, D. (2017). Biased contests for symmetric players. Games and

Economic Behavior, 103, 116-144.

[7] Drugov, M., & Ryvkin, D. (2020a). Tournament rewards and heavy tails. Journal of

Economic Theory, 190, Article 105116.

[8] Drugov, M., & Ryvkin, D. (2020b). How noise affects effort in tournaments. Journal of

Economic Theory, 188, Article 105065.

[9] Epstein, G. S., Mealem, Y., & Nitzan, S. (2011). Political culture and discrimination in

contests. Journal of Public Economics, 95, 88-93.

[10] Franke, J., Kanzow, C., Leininger, W., & Schwartz, A. (2014). Lottery versus all-pay

auction contests: A revenue dominance theorem. Games and Economic Behavior, 83,

116-126.

[11] Fu, Q. (2006). A theory of affirmative action in college admissions. Economic Inquiry,

44(3), 420-428.

[12] Fu, Q., & Lu, J. (2012). Micro foundations of multi-prize lottery contests: A perspective

of noisy performance ranking. Social Choice and Welfare, 38(3), 497-517.

[13] Fu, Q., Lu, J., & Lu, Y. (2012). Incentivizing R&D: prize or subsidies? International

Journal of Industrial Organization, 30(1), 67-79.

16



[14] Fu, Q., & Wu, Z. (2020). On the optimal design of biased contests. Theoretical Eco-

nomics, 15(4), 1435-1470.
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