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Abstract
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1 Introduction

Procurement is ubiquitously employed as a cost-effi cient way to acquire goods, services, or work

from an external source. On average, around 15% of yearly global domestic product is spent

on public procurement alone, with military acquisitions as a significant component.1 It has long

been recognized that procurement of new goods/services often involves and stimulates private

research and development (R&D) and/or innovation before production and delivery (see Rob,

1986; Hendricks, Porter, and Boudreau, 1987; Lichtenberg, 1988; Rogerson, 1989; and Tan, 1992;

among others).2 More recently, Nyiri et al. (2007) emphasize the role of public procurement in

promoting R&D investment and innovation in information and communication technology (ICT) in

EU member states. The United Nations Offi ce for Project Services (UNOPS), in its 2013 report,3

also stresses the role of public procurement in fostering investment in new technology and research

in both developed and developing countries.

Cost effectiveness has long been the central issue in procurement design.4 An established

literature has been devoted to designing cost-minimizing acquisitions in a variety of environments.

It is clear that contractors’ pre-delivery R&D incentive for cost reduction should be used fully

by procurers to lower their acquisition costs. To achieve the most cost reduction, an optimal

procurement policy must appropriately balance extracting surplus ex post and providing the right

R&D incentive ex ante.5

Typically, both R&D effort and the effi ciency of goods/services delivery (i.e., production cost)

are a contractor’s private information. Moreover, situations abound in which a contractor’s R&D

effi ciency (e.g., the marginal cost of R&D effort) is also his private information. R&D activities

require both technical facilities and researchers with different expertise and specialties. The con-

tractor’s competence in organizing, coordinating, and carrying out a specific R&D task (e.g., the

quality of its technical facilities, the abilities and experience of its researchers, and its effi ciency in

project management) is usually not observable by the procurer. An immediate implication is that

the contractor’s R&D incentive must respond to his R&D effi ciency. Several interesting issues thus

arise for procurement design. How does this additional dimension of the agent’s private information

affect his R&D incentive and, consequently, the optimal design for procurement? In particular, how

1Refer to p. 1 in “Supplement to the 2013 Annual Statistical Report on United Nations Procurement: Procure-
ment and Innovation,” https://www.unops.org/SiteCollectionDocuments/ASR/ASR_Supplement_2013_WEB.pdf
(accessed October 6, 2015).

2Hendricks, Porter, and Boudreau (1987) observe that in federal auctions for leases on the outer continental shelf,
bidders make private investments to acquire more information before bidding. Abundant empirical evidence in defense
procurement demonstrates that bidders make significant private investments in R&D prior to bidding. Tan (1992)
provides an example of jet-fighter procurement by the U.S. Air Force. Lichtenberg (1988) provides more examples of
private R&D investment in public defense procurements.

3“Supplement to the 2013 Annual Statistical Report on United Nations Procurement: Procurement and Innova-
tion,”2014, www.unops.org.

4Rob (1986) points out that “the importance of the cost effectiveness in the acquisition process cannot be overem-
phasized.”

5Notably, contractors’pre-delivery R&D incentive has been incorporated into the analysis in many pioneer studies,
including Rob (1986), Dasgupta (1990), Tan (1992), Piccione and Tan (1996), and Arozamena and Cantillon (2004),
among others.
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should the optimal design incorporate this new element in the information flow into the natural

dynamics of the procurement process? Which form does the optimal contract take?

The fixed-price contract is among the most widely adopted procurement contracts. According to

the “Performance of the Defense Acquisition System, 2014 Annual Report,”6 fixed-price contracts

constitute about half of all Department of Defense (DoD) obligated contracts. They are most

common in production contracts, and are often used for goods and services acquisitions. According

to the “DoD SBIR Desk Reference,”7 fixed-price contracts are almost always used for Phase I

awards. The National Aeronautics and Space Administration (NASA) awarded fixed-price contracts

worth $6.8 billion to Boeing and SpaceX in 2014 to ferry astronauts to the International Space

Station. More recently, the National Defense Authorization Act for Fiscal Year 2017 establishes a

preference for the DoD to use fixed-price contracts.

A fixed-price contract has several apparent advantages from the procurer’s perspective, which

could explain its popularity. It shifts most or all the risk to the contractor and is easier to design and

implement, as it imposes a minimal regulatory and administrative burden, and fewer financial/cost

reports are required. Although these advantages are well understood, it would be interesting to

investigate whether there are deeper and subtler economic justifications for the wide adoption of

fixed-price contracts. In this article, we address this issue and provide a plausible justification from a

dynamic mechanism design perspective by establishing fixed-price contracts as the cost-minimizing

procurement design in a two-stage environment.

We consider a two-stage contract between a procurer (she, the principal) and a supplier (he, the

agent) in the following environment. The principal wishes to procure a product from the agent that

she can acquire from an alternative source at cost c0. The agent can invest in R&D that improves

his endowed production technology and generates a production cost potentially lower than c0. The

agent’s ability to conduct R&D is his private information; higher (lower) R&D ability is referred

to as a more (less) effi cient type. At the first stage, the agent is offered the contract. If he accepts,

then he exerts an unobservable effort in R&D. Each effort level leads to a distribution of production

cost. Higher effort generates better distribution, in the sense of first-order stochastic dominance.

But higher effort also costs more, given the type of the agent. In the second stage, the production

cost is realized, and it is again the agent’s private information. The contract has to sequentially

elicit the agent’s private information and provide the right incentive for the agent to exert effort

in R&D at the same time. The principal’s goal is to design the optimal contract to minimize her

expected procurement cost.

We focus on deterministic mechanisms in searching for the optimal design, and provide a set

of suffi cient conditions for the optimality of deterministic mechanisms. A necessary and suffi cient

condition for a deterministic mechanism to be incentive compatible is provided, which greatly

facilitates the analysis. We find that the optimal two-stage mechanism is implemented by a menu

6http://www.defense.gov/Portals/1/Documents/pubs/Performance-of-Defense-Acquisition-System-2014.pdf (ac-
cessed September 29, 2015).

7http://www.acq.osd.mil/osbp/sbir/sb/resources/deskreference/deskreference.pdf (accessed September 29, 2015).
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of single-stage contracts, each specifying a fixed provision price and remedy paid by a defaulting

agent. That is, each contract specifies the (fixed) provision price for the product if the agent

delivers it and the default remedy the agent has to pay to the procurer if the agent fails to deliver

the product because of his realized high delivery cost. The contract with higher provision price

is paired with a higher default remedy. At equilibrium, a more effi cient type (i.e., higher R&D

ability) chooses the contract with higher price and higher default remedy. This feature of the

optimal contract is largely consistent with the commonly observed practice in reality, by which a

more reliable supplier (who is reputed to have better capacity) usually demands a higher price but

offers a higher default remedy.

In practice, a default clause is often inserted into fixed-price procurement contracts, which

states what will happen if one of the parties fails to live up to the agreement. In our procurement

scenario, the agent defaults if he fails (is not willing) to provide the product because his delivery

cost is too high. By law, the procurer (the principal) has the right to claim a remedy from the

supplier (the agent) with the amount of (up to) the difference between the market price (i.e., c0)

and the contract price (i.e., the provision price) if the supplier defaults.8 Another important feature

of the optimal contract is that the sum of the contract price and remedy is always smaller than or

equal to the market price c0. This feature notably coincides with widely observed practice– which

is regulated, for example, by the Uniform Commercial Code and Federal Acquisition Regulation.

In addition to the aforementioned advantages of fixed-price contracts, the established optimality of

the fixed-price plus default-remedy contract in our setting provides an in-depth economic rationale

for the use of a fixed-price plus default-remedy contract in reality: It is indeed optimal from the

procurer’s perspective. Given that procurement often involves a natural dynamic flow of informa-

tion, unobservable R&D investment, and private R&D effi ciency and delivery cost, it is reassuring

to know that this convenient contract form is optimal in these quite common environments.

Before discussing other features of the optimal contract, it is helpful to introduce two bench-

mark scenarios: the first-best environment and the pure adverse selection setting. In the first-best

environment, the agent’s R&D effort is observable and his private information at both stages is

public. It is straightforward that the second-stage allocation must be ex post effi cient. In the

dynamic pure adverse selection benchmark setting, R&D ability and production effi ciency are the

agent’s private information, but his R&D effort is contractible. It turns out that at the optimum,

the second-stage allocation is ex post effi cient for all first-stage types; this diverges from insights

in the dynamic adverse selection literature (e.g., Courty and Li, 2000; Eső and Szentes, 2007), in

which the second-stage allocation is discriminatory.

Now we are ready to discuss another noteworthy feature of the optimal contract. Unlike the

first-best benchmark and the pure adverse selection benchmark, the second-stage trading cutoff

depends on the first-stage type. The sum of the provision price and the default remedy is no larger

than c0 (the principal’s outside option). Moreover, except for the most effi cient type agent, who
8For example, the Uniform Commercial Code (U.C.C) Article 2-712 and Article 2-713. The Federal Acquisition

Regulation (FAR) is another example; see, for example, FAR Article 52.249-8 on Default (Fixed-Price Supply and
Service) and FAR 52.249-9 Default (Fixed-Price Research and Development).
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chooses the contract with the sum being exactly c0, the contract selected in equilibrium for any

other type has a sum that is strictly smaller than c0, which leads to a downward distortion for

acquisition because the agent delivers the product if and only if his delivery cost is smaller than

the sum of the provision price and the remedy (i.e., the sum is the acquisition cutoff).9 This

ex post effi ciency loss results from the fact that when moral hazard is present, the agent has an

informational advantage about his second-stage type distribution due to the privacy of effort, as

effort determines the distribution of the second-stage type. Baron and Besanko (1984) coined the

term “impulse response”to measure the impact of the first-stage type on the second-stage allocation

rule when analyzing pure dynamic adverse selection problems. In a dynamic environment in which

the agent’s action is introduced, our analysis shows that “moral hazard”restores the usual function

of an “impulse response” term: The principal has to sacrifice second-stage effi ciency to overcome

her informational disadvantage. Recalling the no-distortion result in our pure adverse selection

benchmark, one can infer that it is the combination of moral hazard and adverse selection that

leads to allocative distortion at the optimum. Moreover, in our model, the agent’s endogenously

chosen hidden action bridges his first-stage type and the distribution of his second-stage type.

In this sense, one can view the “impulse response” term as endogenous in relation to Baron and

Besanko (1984).

Our article belongs to the literature on procurement design with R&D, which includes Baron

and Myerson (1982), Dasgupta (1990), Tan (1992), Piccione and Tan (1996), Bag (1997), and

Arozamena and Cantillon (2004), among others. Our article complements these studies by ac-

commodating the supplier’s private R&D effi ciency and explicitly examining optimal two-stage

procurement in a framework of dynamic mechanism design with sequential private information.

Our study is also related to the literature on default in auctions and procurements, which

includes Waehrer (1995), Zheng (2001), Parlane (2003), Board (2007), Burguet, Ganuza, and Hauk

(2012), and Lewis and Bajari (2011, 2014), among others. In our article, the optimal contract

features a remedy paid by a defaulting agent. We differentiate from these studies in that we do not

explicitly assume what would happen in case of default in the setting; rather, the default remedy

comes from a necessary component of implementation of the optimal mechanism.

Methodologically, our article contributes to the growing literature on dynamic mechanism de-

sign, which originates from the seminal work of Baron and Besanko (1984) in a two-period regulation

environment in which a regulated firm’s private costs evolve over time. Courty and Li (2000) and

Eső and Szentes (2007) demonstrate, in different environments of sequential screening with pure

adverse selection, that at the optimum the second-stage mechanism is discriminatory across first-

stage types. Pavan, Segal, and Toikka (2014) provide a general treatment of optimal dynamic

mechanism design with pure adverse selection.10 Other articles address dynamic contracting with

9To see this, suppose that the agent’s second-stage type is c. If he delivers the product, his net payoff is the
provision price minus c; if he defaults, his net payoff is the negative of the default remedy. Therefore, the agent will
deliver the product if and only if c is smaller than the sum of the provision price and the remedy.
10Another strand of literature focuses on the implementation of effi cient mechanisms, e.g., Bergemann and Välimäki

(2010) and Athey and Segal (2013). Although we focus on cost-minimizing procurement design, the effi cient mecha-
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mixed adverse selection and moral hazard, among which Krähmer and Strausz (2011), Gershkov

and Perry (2012), Asseyer (2015), Eső and Szentes (2017), and Halac, Kartik, and Liu (2016) are

closely related to our article.

We differentiate from these previous studies on dynamic mechanism design by fully endogenizing

distribution of the second-stage type by introducing moral hazard, and identify a different source

(i.e., moral hazard) for allocative discrimination at the optimum. In our model, because there is no

distortion in the pure adverse selection benchmark, the discrimination does not arise from dynamic

pure adverse selection, as identified in the literature. It rather results from the combination of

adverse selection and moral hazard: There is an allocative distortion if and only if both adverse

selection and moral hazard are present. This observation from a different setting echoes that of

Halac, Kartik, and Liu (2016), who also find that in their environment, absent either moral hazard

or adverse selection, there is no effi ciency loss.11

The rest of the article is organized as follows. Section 2 introduces the model. We study the

optimal mechanism in the benchmark case in Section 3. Section 4 analyzes the optimal mechanism

for the mixed problem. We study the pure adverse selection benchmark in Section 5. Section 6

discusses the properties of the optimal contract. Section 7 provides some concluding remarks, and

the appendix collects some technical proofs.

2 Model Setup

A risk-neutral buyer (she, the principal) wants to procure a product from a risk-neutral supplier

(he, the agent). The agent can carry out R&D to improve his production technology. The agent’s

R&D effi ciency, θ, is his private information, which, from the principal’s perspective, is a random

variable following a cumulative distribution function G(·) with density function g(·) > 0 over the

support [θ, θ], where θ > 0. Exerting R&D effort α ≥ 0 costs him θα. Thus, both cost and marginal

cost increase when θ increases, which means that a lower θ is more effi cient for conducting R&D.

Thus, we call type θ the most effi cient type.

The agent’s cost c of delivering the product when he exerts R&D effort α is a random variable

with a cumulative distribution function H(·, α) defined on support [c, c] with 0 ≤ c < c ≤ ∞. After
R&D, the delivery cost is privately observed by the agent. Production cost c is incurred by the

agent if and only if the trade occurs between the procurer and the supplier. The principal, however,

can exercise an outside option of acquiring the product at cost c0 with c < c0 < c. Equivalently, c0
can be treated as the procurer’s value of the product.

The timing of the game is as follows.

nism can be analyzed analogously.
11Halac, Kartik, and Liu (2016) consider a setting in which the agent’s private type is persistent over time, but

there is moral hazard (work or shirk) in each period. Their model also involves the agent’s private learning about the
quality of the project. In our article, we have adverse selection in both stages and moral hazard in the first stage, so
that types evolve over time.
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Time 0 : G(·), H(·, ·), and c0 are revealed by nature as public information. Nature draws θ for
the agent. The agent is privately informed about his type θ.

Time 1 : The principal offers a contract and she commits to it. If the agent rejects, then the

game ends and he obtains the reservation utility, which is normalized as zero. If the agent accepts,

he reports his type θ and the first-stage contract is executed. The agent decides on his R&D effort

α, which is unobservable,12 and then his delivery cost c is realized according to H(·, α). His realized

delivery cost c is also his private information.

Time 2 : The agent decides whether to quit. If he quits, the game is over. If he continues, he

reports his delivery cost c. The contract is executed.

The principal’s objective is to minimize the expected procurement cost. We use t to denote the

gross transfer (the sum of first-stage and second-stage payments) from the principal to the agent.

Suppose the agent with type θ exerts effort level α, and the realized cost is c. If the principal

acquires the product from the agent, her procurement cost is t and the agent’s payoff is t− θα− c.
If the principal does not acquire the product from the agent, her procurement cost is t + c0 and

the agent’s payoff is t− θα.

We assume that the density function h(c, α) (i.e., H1(c, α)) is continuously differentiable in

(c, α) ∈ [c, c]× [0,+∞), and for any c, H(c, α) is a thrice continuously differentiable function with

respect to α.13 In addition,14

H2(c, α) > 0, H22(c, α) < 0, ∀c ∈ (c, c).

Positive H2(c, α) means that higher effort leads to a better cost distribution in the sense of first-

order stochastic dominance. Negative H22(c, α) means that the marginal effect of α decreases.15

Because H(c, α) ∈ [0, 1], these conditions mean that when α goes to infinity, the marginal effect

H2(c, α) diminishes to zero.

Our formulation of H(c, α) covers the following widely adopted form as a special case:

H(c, α) = 1− (1− F (c))α+β0 ,

where F (·) is a CDF with strictly positive density function everywhere over the support [c, c], and

β0 ≥ 0 is the agent’s initial technology endowment.16 The case β0 = 0 corresponds to the R&D

technology used in Tan (1992).

12 In Section 5, we consider a pure adverse selection benchmark in which the agent’s effort α is observable and
verifiable. In this case, the agent’s effort α is specified by the contract.
13For a two-variable function, we use subscripts 1 and 2 to represent the partial derivative with respect to the first

and second argument, respectively.
14Note that because the family of CDFs H(c, α) has common support, H(c, α) = 0, H(c, α) = 1 for any α ≥ 0.

Therefore, H2(c, α) = H2(c, α) = 0 for any α ≥ 0.
15This assumption validates the “first-order approach,”which replaces the agent’s effort choice with the first-order

condition.
16Thus, if the agent does not invest in R&D, his delivery cost is randomly drawn according to CDF H(c, 0).
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3 The First-Best: A Benchmark

We first analyze a full-information benchmark in which the agent’s action and the agent’s types

are public information. Obviously, the first-best outcome coincides with social effi ciency. At the

first best, the mechanism is ex post effi cient at the second stage; each type θ of agent has a zero

expected payoff in the first period; and αFB(θ)– the first-best effort required for type θ– decreases

with θ and strictly decreases whenever αFB(θ) > 0. (The proof of these properties is relegated to

Appendix A.)

Hereafter, we assume that αFB(θ) > 0, i.e., it is socially effi cient to induce the least effi cient

type agent to exert strictly positive effort, which is satisfied if and only if the following assumption

holds:

Assumption 0

θ <

∫ c0

c
H2(c, 0)dc.

In Section 4, we will analyze the central question of this article: How should the principal

design the contract when facing a dynamic private information flow and unobservable R&D effort?

After that, we examine the role of moral hazard, as a comparison, by assuming observable R&D

effort in Section 5. We will show that such a pure adverse selection environment, at the optimum,

distorts R&D investment but still retains ex post effi ciency in the second stage. Therefore, it is

the unobservability of R&D effort that yields discriminatory provision rules among R&D effi ciency

types.

4 Analysis of the Optimal Contract

We have a mixed adverse selection and moral hazard problem in a dynamic setting. As usual, we

restrict our attention to truthful direct mechanisms according to Myerson (1986). In the first stage,

the mechanism is a mapping ρ : [θ, θ] → R × R+ such that when the agent reports θ, he receives
from the principal a payment x(θ) and an R&D effort recommendation α(θ) ≥ 0. The agent decides

on his R&D effort α after reporting θ, and his delivery cost c is realized according to H(·, α). In the

second stage, the agent further reports his cost realization c, after which the payment rule y(θ, c)

and acquisition probability p(θ, c) are executed.17

Stage Two

For the second stage, we ignore the individual rationality (IR) constraint for the time being and

consider only the incentive compatibility (IC) constraint. We will verify later that at the optimum,

17Because the agent has a quasi-linear preference, there is no loss of generality to restrict attention to mechanisms
in which the transfers x and y are deterministic.
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the agent’s second-stage IR is satisfied for the proposed optimal mechanism. Assuming truthfully

reported θ in stage one, suppose that the agent’s true provision cost is c, but he reports ĉ. Let

π̃(θ, ĉ, c) be his expected payoff in stage two. Then

π̃(θ, ĉ, c) = y(θ, ĉ)− p(θ, ĉ)c. (1)

The envelope theorem yields

dπ̃(θ, c, c)

dc
=
∂π̃(θ, ĉ, c)

∂c
|ĉ=c = −p(θ, c),

which leads to

π̃(θ, c, c) = π̃(θ, c, c) +

∫ c

c
p(θ, s)ds. (2)

It is clear that the second-stage IC is equivalent to that (2) holds and that p(θ, c) is decreasing

in c for any fixed θ. Note that the agent will still truthfully report his second-stage type c on

the off-equilibrium path. That is, if the agent misreported his type in stage one as θ̂, he will still

truthfully report c in stage two.18

Stage One

We consider both IC and IR in stage one. The IC requires that the agent will report his type

truthfully and follow the principal’s recommendation for R&D effort supply (truthful and obedient).

This can be decomposed into two requirements: First, if the agent truthfully reports his type θ, then

it is optimal for him to follow the principal’s recommendation. Second, the agent will truthfully

report his type, given that he will accordingly choose the optimal effort level conditional on his

report (truthful or not) and the principal’s recommendation. Note that when the agent reports

his type and then receives the recommendation (which depends on the report), he always chooses

a unique optimal effort level regardless of the recommendation he receives.19 Such an effort level

only depends on his true type and the type he reported to the principal.

If the agent with type θ reports θ̂ and exerts effort α, his expected payoff is

π̂(α, θ̂, θ) = x(θ̂)− θα+

∫ c

c
π̃(θ̂, c, c)h(c, α)dc.

The first term on the right-hand side of the above equation is the payment, the second term is the

agent’s investment cost, and the last term is his expected profit from the second stage.

18The argument is as follows. Suppose the reported type is θ̂ in stage one and the realized cost is c, and he instead
reports ĉ in stage two. Then his payoff (1) becomes π̃(θ̂, ĉ, c) = y(θ̂, ĉ)− p(θ̂, ĉ)c. Note that if θ̂ is the true type, then
ĉ = c maximizes π̃(θ̂, ĉ, c) by the optimality of truthful reporting. However, because π̃(θ̂, ĉ, c) does not depend on the
true type θ, the optimality of truthful reporting at the second stage holds regardless of the first-stage report. By the
same argument, (2) holds for any reported type θ̂.
19First, the belief of the agent is not affected by the recommendation. Second, as we will show later, the agent’s

payoff is concave in effort so that he will not randomize his effort level.
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Let π(θ̂, θ) = maxα≥0 π̂(α, θ̂, θ), which is the agent’s expected utility when his true type is θ but

he reports θ̂, given that he will respond optimally when receiving the recommendation α(θ̂). The

first-stage IC then requires that

π(θ, θ) ≥ π(θ̂, θ), ∀θ, θ̂, (3)

which we call IC1 constraint.

When the type θ agent reports truthfully, the principal’s recommendation α(θ) must coincide

with the agent’s optimal effort choice (obedience). This is characterized by the following first-order

condition:20

−θ +

∫ c

c
p(θ, c)H2(c, α(θ))dc ≤ 0, with equality if α(θ) > 0, ∀θ, (4)

which we call the moral hazard constraint MHC. IC1 and MHC constitute the first-stage IC

constraints. The first-stage IC implies the following envelope condition.

Lemma 1 The first-stage IC implies that the type θ agent’s expected payoff can be expressed as

π(θ, θ) = π(θ, θ) +

∫ θ

θ
α(s)ds. (5)

Note that the above lemma is only a necessary condition for the first-stage IC; in general, it is

hard to obtain an equivalent characterization in a dynamic and mixed environment.

The Optimal Mechanism

The Principal’s Problem

According to Lemma 1, the principal’s total cost can be expressed as

TC =

∫ θ

θ

((
θ +

G(θ)

g(θ)

)
α(θ) +

∫ c

c
p(θ, c)(c− c0)h(c, α(θ))dc

)
g(θ)dθ + π(θ, θ) + c0.

Now we are ready to state the principal’s original problem, which we call Problem (O):

min
{α(θ)≥0,x(θ),p(θ,c),y(θ,c)}

TC

s.t.:

Constraints IC1 (3) and MHC (4); (6)

π̃(θ, c, c) =

∫ c

c
p(θ, s)ds,∀c,∀θ; (7)

p(θ, c) is decreasing in c, ∀θ; (8)

20The derivation of (4) is in Appendix A.
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0 ≤ p(θ, c) ≤ 1, ∀c,∀θ; (9)

π(θ, θ) ≥ 0, ∀θ. (10)

Here (6) contains the first-stage IC constraints; (7) and (8) jointly constitute the equivalent con-

ditions for the second-stage IC;21 (9) is the constraint imposed on the provision probability; and

(10) is the first-stage IR constraint.

Deterministic Mechanisms

Before we tackle Problem (O), in which we allow stochastic mechanisms, let us first focus on

deterministic mechanisms. As is standard, a mechanism is called deterministic if p(θ, c) ∈ {0, 1},
∀θ,∀c. Obviously, a deterministic mechanism is feasible in the second stage if and only if it is a

cutoff mechanism, which is defined as follows.

Definition 1 (Cutoff Mechanism): A mechanism is called a cutoff mechanism if the second-

stage allocation rule satisfies the following conditions: For each θ, there exists a cutoff c(θ) ∈ [c, c]

such that p(θ, c) =

{
1, if c ≤ c(θ),
0, if c > c(θ).

Given a second-stage cutoff c(θ) for type θ, the moral hazard constraint MHC (4) simplifies to

−θ +

∫ c(θ)

c
H2(c, α(θ))dc ≤ 0, with equality if α(θ) > 0,

which determines the effort α(θ) for type θ. Denote a cutoff mechanism as {α(θ), c(θ)}θ, where
(α(θ), c(θ)) satisfies the above simplified condition.

The central diffi culty of solving the optimal mechanism is the characterization of IC, which,

in our setting, is the first-stage IC constraint (6), as cutoff mechanisms automatically satisfy the

second-stage IC. In the following theorem, we provide a necessary and suffi cient condition for

a cutoff mechanism to be incentive compatible. To our knowledge, this is new in the dynamic

mechanism design literature with mixed adverse selection and moral hazard.

Theorem 1 A cutoff mechanism {α(θ), c(θ)}θ is incentive compatible if and only if the following
three conditions hold:

i) The envelope condition: The expected payoff of the agent with first-stage type θ can be expressed

as

π(θ, θ) = π(θ, θ) +

∫ θ

θ
α(s)ds;

ii) The monotonicity condition: The second-stage cutoff is decreasing in θ, i.e., c(θ) is decreasing

21At the optimum, we have π̃(θ, c, c) = 0, ∀θ.
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in θ.

iii) The recommendation α(θ) satisfies the moral hazard constraint MHC (4):

−θ +

∫ c(θ)

c
H2(c, α(θ))dc ≤ 0, with equality if α(θ) > 0,∀θ.

Note that the above theorem does not need any assumptions. In particular, it implies that

within the class of deterministic mechanisms, the second-stage cutoff is decreasing in the first-stage

type, as required by IC; and more importantly, together with the standard envelope condition and

the first-order condition, such monotonicity condition is also suffi cient for IC. Theorem 1 is also

informative in terms of our main insights of provision price and default remedy, if restricting to

deterministic mechanisms. As will be clear in Lemma 5, the monotonicity of cutoff implies the

monotonicity in provision price and default remedy.

Theorem 1 also suggests that obtaining the monotonicity of cutoff while restricting to deter-

ministic mechanisms in Problem (O) is in general unlikely to be informative for the optimality of

deterministic mechanisms, as the monotonicity is necessary for IC. Essentially, one needs to relax

the original problem that accommodates stochastic mechanisms, and show that the relaxed problem

leads to a monotone cutoff, which our analysis will demonstrate later.

When restricting to deterministic mechanisms in Problem (O), as long as the pointwise opti-

mization leads to a monotone cutoff, one can conclude that this must be the optimal deterministic

mechanism due to Theorem 1. This then solves the optimal deterministic mechanism. However, in

general, the solution obtained by pointwise optimization may violate IC when the resulting cutoff

is not monotone. Our analysis of stochastic mechanisms will serve two purposes: 1) when is a

deterministic mechanism optimal? 2) the characterization of the explicit solution– i.e., when does

pointwise optimization lead to a monotone cutoff? Note that only for optimality of the determin-

istic mechanism do we need extra assumptions. Also note that the monotonicity of cutoff also does

not require any assumptions; assumptions are needed for validating pointwise optimization.

A Roadmap of Analysis

It is diffi cult to solve Problem (O) directly, mainly because of the IC constraint (6). We will identify

the optimal mechanism by considering relaxed problems, and show that the solution of the relaxed

problems remains the solution of the original problem. We next sketch the major steps for solving

Problem (O). We first drop constraint IC1 (3) from the first-stage IC constraint in Problem (O),

leaving only the MHC constraint (4). After simplifying other constraints in Problem (O), this

will lead to a relaxed problem we call Problem (O-R).22 Notice that in Problem (O-R), the only

constraint linking different θ types of agent– constraint IC1 (3)– has been dropped. Thus Problem

(O-R) is essentially a “pointwise”optimization problem for each θ.

22Detailed derivations for solving Problem (O) are relegated to Appendix A, including the formulations of relaxed
problems.
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Problem (O-R) allows for stochastic mechanisms, which creates a twofold diffi culty: It may be

diffi cult to solve the pointwise optimization problem; furthermore, and more importantly, it can be

complicated to check whether the pointwise solution satisfies the first-stage IC– the constraint IC1
(3)– so that the solution indeed solves the original problem Problem (O). Focusing on deterministic

mechanisms would greatly avoid this diffi culty: One only needs to solve the optimal second-stage

cutoff, which means that Problem (O-R) can be easily solved. More importantly, Theorem 1 pro-

vides a necessary and suffi cient condition for a deterministic mechanism to be incentive compatible,

which would help us check whether the solution of Problem (O-R) is indeed incentive compatible,

and hence solves Problem (O).

To validate the restriction to deterministic mechanisms, we characterize a set of suffi cient

conditions– Assumptions 1—4 introduced below– under which a deterministic mechanism is op-

timal. Under Assumption 1, there is no loss of generality to consider cutoffmechanisms in Problem

(O-R), which leads to an equivalent problem Problem (O-R-D). Assumptions 2—4 guarantee that

the solution to Problem (O-R-D) is incentive compatible. Finally, we characterize the optimal

incentive compatible deterministic mechanism by solving Problem (O-R-D), which must also be

the solution to Problem (O) as deterministic mechanisms are optimal under Assumptions 1—4. As

mentioned above, solving Problem (O-R-D) only requires solving the optimal cutoff by pointwise

optimization, which is routine.

Single Crossing and Deterministic Mechanisms

Focusing on cutoffmechanisms, as mentioned above, can greatly simplify the analysis. Nevertheless,

one concern is whether this restriction introduces loss of generality.23 We address this concern by

providing suffi cient conditions under which cutoffmechanisms are optimal. To proceed, let us start

with the following assumption.

Assumption 1 (Single Crossing): For any given α ≥ 0 and any given λ ∈ R, the following
function ϕ(c;α, λ) : [c, c]→ R has exactly one root, i.e., ϕ(c;α, λ) = 0 has only one solution, where

ϕ(c;α, λ) = c− c0 + λ
H2(c, α)

h(c, α)
.

ϕ(c;α, λ) is a family of functions satisfying ϕ(c;α, λ) = c−c0 < 0 and ϕ(c;α, λ) = c−c0 > 0 for

any α and λ. Assumption 1 requires that each function in this family cross zero only once.24 This

single-crossing condition guarantees that the “virtual cost” that will be introduced in Section 6

would cross c0 only once. The condition is satisfied if, for example, when H2(c, α)/h(c, α) is strictly

concave, strictly convex, or linear in c. When H(c, α) = 1 − (1 − F (c))α+β0– the widely adopted

form in the R&D literature– Assumption 1 is satisfied when 1−F (c)
f(c) ln(1−F (c)) is strictly concave,

23As pointed out by Laffont and Martimort (2002), the commitment issue is more involved with stochastic mech-
anisms.
24Because ϕ(c;α, λ) < 0 and ϕ(c;α, λ) > 0, ϕ(c;α, λ) = 0 has at least one solution.
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strictly convex, or linear.25 The single-crossing condition leads to the following results.

Lemma 2 Under Assumption 1,
i) There is no loss of generality to assume that MHC constraint (4) is always binding in Problem

(O-R);

ii) There is no loss of generality to focus on cutoff mechanisms to solve Problem (O-R).

The Optimality of CutoffMechanisms

When restricting to cutoff mechanisms, Problem (O-R) further simplifies to Problem (O-R-D),

whose solution is expressed in terms of (α(θ), c(θ)). Denote the optimal solution to Problem (O-R-

D) by {(α∗(θ), c∗(θ))}θ. The following lemma establishes one basic property of it.

Lemma 3 c∗(θ) < c0 for all θ ∈ (θ, θ], and c∗(θ) = c0.

The optimal solution to Problem (O-R-D) may not necessarily be the optimal solution to the

original problem, Problem (O), as it may violate the IC constraint (6) there– the constraint that is

almost dropped from Problem (O) to obtain the relaxed problem Problem (O-R). Therefore, it is

important to establish conditions for the incentive compatibility of cutoff mechanisms. This issue

has been addressed by Theorem 1. Assumptions 2—4 below are to guarantee the monotonicity of

c∗(θ). Denote ĉ(θ) as the cutoff such that
∫ ĉ(θ)
c H2(c, 0)dc = θ. By Assumption 0, ĉ(θ) ∈ (c, c0).

ĉ(θ) is thus the lowest possible cutoff such that all first-stage types would exert positive effort. Now

we are ready to introduce Assumptions 2—4.26

Assumption 2 G(θ)
g(θ) is strictly increasing in θ.

Assumption 3 For all α ∈ [0, αFB(θ)) and all ĉ ∈ [ĉ(θ), c0),

H22(ĉ, α)

H2(ĉ, α)
≤
∫ ĉ
c H222(c, α)dc∫ ĉ
c H22(c, α)dc

.

Assumption 4 For all α ∈ [0, αFB(θ)) and all ĉ ∈ [ĉ(θ), c0),

H12(ĉ, α)− H22(ĉ, α) ·H2(ĉ, α)∫ ĉ
c H22(c, α)dc

≥ − MN

c0 − c
,

whereM and N are nonnegative constants, withM = inf
ĉ∈[ĉ(θ),c0)

H2(ĉ, α
FB(θ)) and N = inf

θ∈[θ,θ]

(
G(θ)
g(θ)

)′
,

where
(
G(θ)
g(θ)

)′
denotes the derivative of G(θ)g(θ) .

25For example, 1−F (c)
f(c)

ln(1−F (c)) is strictly convex in c when F is the uniform distribution. As another example,
1−F (c)
f(c)

ln(1− F (c)) is linear in c when F is the exponential distribution, i.e., F (c) = 1− e−βc, where β > 0 and the
support is [0,+∞).
26Assumption 3 and Assumption 4 can be weakened; see Remark 1 in Appendix A.
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To understand these assumptions, it is helpful to define the marginal productivity of effort.

To this end, notice that the expected payoff (denoted as Π(ĉ, α)) of the agent with type θ from

the second stage, when he exerts effort α and the second-stage cutoff is ĉ, can be expressed as

Π(ĉ, α) =
∫ ĉ
c H(c, α)dc.27 Π(ĉ, α) can be viewed as a production function in which the second-

stage cutoff and the agent’s effort are the inputs. By a rewrite of the MHC constraint (4) when

restricting to cutoff mechanisms,28 the agent’s optimal choice of effort level satisfies Π2(ĉ, α) = θ,

which means that the marginal productivity of effort is always a constant. We use Π̃(ĉ, α) to denote

Π2(ĉ, α) for notational convenience.

Now we are ready to interpret the above three assumptions. Assumption 2 is the standard reg-

ularity assumption, which requires that the CDF G(·) is log-concave– or, equivalently, the reverse
hazard rate of G(·) is decreasing. Note that Assumption 2 holds for G(θ) =

(
θ−θ
θ−θ

)r
, where r > 0 is

a constant. Assumption 3 and Assumption 4 are similar to the regularity condition of Assumption

2 in Eső and Szentes (2007), which is interpreted as a monotonicity condition in their article.

Assumption 3 implies that: An increase in α, holding the marginal productivity of effort con-

stant, weakly decreases the marginal effect of α on the marginal productivity of effort.29 Assump-

tion 4 implies that: An increase in ĉ, holding the marginal productivity of effort constant, weakly

increases or does not decrease too much the marginal effect of ĉ on the marginal productivity of

effort (call this “the marginal effect of ĉ”for short).30 More precisely, Assumption 4 implies that

the rate of change of the marginal effect of ĉ is bounded below by −MN
c0−c .

Assumption 3 and Assumption 4 are satisfied for a large family of functions. For example,

Assumption 3 is satisfied for H(c, α) = 1− (1−F (c))α+β0 .31 Assumption 4 is satisfied whenM > 0

27See equation (14) in the appendix.
28See equation (26) in the appendix.
29To see this interpretation, keeping Π̃ constant implies dĉ = − Π̃2

Π̃1
dα. The total differential of Π̃2 is Π̃12dĉ+Π̃22dα =

(Π̃22 − Π̃12 · Π̃2

Π̃1
)dα, which is negative when dα > 0 if and only if Π̃22 − Π̃12 · Π̃2

Π̃1
≤ 0. Note that Π̃1 = H2(ĉ, α),

Π̃2 =
∫ ĉ
c
H22(c, α)dc < 0, Π̃22 =

∫ ĉ
c
H222(c, α)dc > 0 so that

Π̃22 − Π̃12 ·
Π̃2

Π̃1

≤ 0⇔ Π̃12

Π̃1

≤ Π̃22

Π̃2

⇔ H22(ĉ, α)

H2(ĉ, α)
≤
∫ ĉ
c
H222(c, α)dc∫ ĉ

c
H22(c, α)dc

.

30Similar to the interpretation of Assumption 3, keeping Π̃ constant implies dα = − Π̃1

Π̃2
dĉ. The total differential of

Π̃1 is Π̃11dĉ+ Π̃12dα = (Π̃11 − Π̃12 · Π̃1

Π̃2
)dĉ, so the rate of change of the marginal effect of ĉ is

Π̃11 − Π̃12 ·
Π̃1

Π̃2

= H12(ĉ, α)− H22(ĉ, α) ·H2(ĉ, α)∫ ĉ
c
H22(c, α)dc

.

31To see this, notice that H222(c, α) = H22(c, α) ln(1− F (c)) and H22 ≤ 0, so that∫ ĉ

c

H222(c, α)dc =

∫ ĉ

c

H22(c, α) ln(1− F (c))dc ≤ ln(1− F (ĉ))

∫ ĉ

c

H22(c, α)dc.

Therefore, ∫ ĉ
c
H222(c, α)dc∫ ĉ

c
H22(c, α)dc

≥
ln(1− F (ĉ))

∫ ĉ
c
H22(c, α)dc∫ ĉ

c
H22(c, α)dc

= ln(1− F (ĉ)) =
H22(ĉ, α)

H2(ĉ, α)
.
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and N is large enough– for example, M > 0 for H(c, α) = 1 − (1 − F (c))α+β0 , and N is large

enough when θ−θ is small enough or r is close to 0 for G(θ) =
(
θ−θ
θ−θ

)r
, where r > 0 is a constant.32

We are now ready to present the following comparative statics result.

Lemma 4 Under Assumptions 2, 3, and 4, for Problem (O-R-D), c∗(θ) is strictly decreasing in θ.

As a consequence, α∗(θ) is also strictly decreasing in θ.

Combining Theorem 1 and Lemmas 2 and 4, we have the following proposition.

Proposition 1 Under Assumptions 1—4, the optimal mechanism for Problem (O) is deterministic,

which is given by the solution to Problem (O-R-D). The optimal mechanism assigns higher cutoff

c∗(θ) to a more effi cient type (i.e., lower θ), and a more effi cient type exerts more R&D effort

α∗(θ).

As revealed by Lemma 3, there is ex post effi ciency loss in the second stage at the optimum,

except for the most effi cient type θ. We highlight this property in the following corollary.

Corollary 1 Under Assumptions 1—4, for the optimal mechanism for Problem (O), the second-

stage cutoff c∗(θ) ≤ c0 with equality only for θ = θ. Therefore, in general there is ex post effi ciency

loss in the second stage.

In Section 5, we will study the scenario with observable R&D effort, in which we will show that

there is no ex post effi ciency loss. This contrast will illustrate the role moral hazard plays in our

environment with dynamic information flow.

Optimal Mechanism and Implementation

We first describe the second-stage optimal allocation rule and payments. From (1), (7), and Propo-

sition 1, it is straightforward to obtain the second-stage optimal allocation rule and payment rule,

which is summarized in the proposition below.

Proposition 2 Under Assumptions 1—4, at the optimum, the second-stage allocation rule is:

p∗(θ, c) =

{
1, if c ≤ c∗(θ),
0, if c > c∗(θ).

32To see this, notice that

J = inf
ĉ∈[ĉ(θ),c0), α∈[0,αFB(θ))

[
H12(ĉ, α)− H22(ĉ, α) ·H2(ĉ, α)∫ ĉ

c
H22(c, α)dc

]
> −∞.

That is, J is finite. Thus, Assumption 4 is satisfied if MN is large enough, which is the case when, for example,

M > 0 and N is large enough. When H(c, α) = 1 − (1 − F (c))α+β0 , M > 0 because ĉ > c. When G(θ) =
(
θ−θ
θ−θ

)r
,(

G(θ)
g(θ)

)′
= 1

r(θ−θ) , which approaches +∞ when θ − θ → 0+ or r → 0+.
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The second-stage payment rule is:

y∗(θ, c) =

{
c∗(θ), if c ≤ c∗(θ),

0, if c > c∗(θ).

Because the agent bears the production cost only when the principal buys the product from

him, the agent’s second-stage ex post payoffmust be nonnegative. As a result, the second-stage IR

is satisfied.

The first-stage payment rule is summarized in the following proposition. The specific expression

is provided in the proof.

Proposition 3 Under Assumptions 1—4, at the optimum, all θ types pay the principal in the first
stage, and a more effi cient type pays more. That is, x∗(θ1) < x∗(θ2) < 0 for any θ1, θ2 with θ1 < θ2.

Implementation: Fixed-Price Plus Default-Remedy Contract The optimal two-stage

mechanism {x∗(θ), α∗(θ), p∗(θ, c), y∗(θ, c)}θ can be implemented by a menu of single-stage fixed
provision price plus default-remedy contracts. Each contract specifies a different fixed provision

price when the agent delivers the product and a different remedy paid to the procurer by a defaulting

agent.

We use r∗(θ) to denote the default remedies, and p∗(θ) to denote the provision prices. Let

r∗(θ) = −x∗(θ) and p∗(θ) = c∗(θ)− r∗(θ) for all θ. The following lemma summarizes the property
of r∗(θ) and p∗(θ), which implies that a more effi cient type agent enjoys a higher provision price,

but the default remedy is also higher when he defaults.

Lemma 5 i) r∗(θ) > 0 and r∗(θ) is strictly decreasing in θ.

ii) p∗(θ) ∈ (0, c0) and p∗(θ) is strictly decreasing in θ.

For contract {p∗(θ), r∗(θ)}, the agent with type θ is willing to deliver the product when and
only when his delivery cost is smaller than p∗(θ) + r∗(θ) = c∗(θ). Therefore, c∗(θ) is the prevailing

acquisition cutoff,33 which means that the contract implements the same allocation rule as the

optimal mechanism. Then it is easy to see that, from the agent’s perspective at the first stage, this

contract is equivalent to the one that first asks the agent to pay |x∗(θ)| at the first stage, and then
the second stage is a take-it-or-leave-it offer at price c∗(θ) = p∗(θ)+r∗(θ). The ICs then follow from

the payment rules. Contracts {p∗(θ), r∗(θ)}θ can be viewed as standard single-stage contracts, as
the menu only relies on first-stage types.

The implementation result is formally presented in the following proposition.

Proposition 4 The optimal mechanism of Problem (O) can be implemented by a menu of (single-

stage) fixed-price plus default-remedy contracts: {p∗(θ), r∗(θ)}θ, where r∗(θ) > 0 and p∗(θ) ∈ (0, c0),
33Suppose the agent’s second-stage type is c (his delivery cost). If he delivers the product, his net payoff is p∗(θ)−c;

if he defaults, his net payoff is −r∗(θ). Therefore, he is willing to produce it when and only when c < p∗(θ) + r∗(θ).

16



and both r∗(θ) and p∗(θ) are strictly decreasing in θ. p∗(θ) is the provision price for the agent if he

delivers the product, and r∗(θ) is the default remedy paid by the agent to the principal if the agent

fails to deliver the product. At equilibrium, the type θ agent opts for contract {p∗(θ), r∗(θ)}.

The agent is offered a menu of fixed-price plus default-remedy contracts {p∗(θ), r∗(θ)}θ. If the
agent selects contract {p∗(θ), r∗(θ)}, then the price for his product is p∗(θ) if he delivers it, but
he must compensate the principal by r∗(θ) if he defaults. Thus, if the agent wishes to have a

higher selling price for the product, the potential default remedy is also higher. A more effi cient

type would choose the high-price-but-high-remedy contract, because he can easily boost his R&D

effort for a higher chance of selling his product at a higher price and avoid the high remedy. A

less effi cient type opts for the contract with low price but low remedy, as his high R&D effort cost

keeps him from effectively avoiding the penalty of a default remedy. He thus prefers a lower default

remedy and, at the same time, has to tolerate a lower provision price.

Limited Liability

As shown above, in the optimal contract, the default remedy is bounded by the difference between

the market price c0 and the provision price. If the agent has limited liability, i.e., the default

remedy cannot exceed K > 0, then depending on the magnitude of K, the optimal deterministic

contract may involve bunching for suffi ciently effi cient types, which is summarized in the following

proposition.

Proposition 5 Suppose that the default remedy cannot exceed K (> 0). Then there is a unique

corresponding first-stage effi ciency cutoff θ̃, decreasing in K, such that the optimal deterministic

contract is a pooling one when θ ≤ θ̃. More precisely, for all θ ≤ θ̃, the optimal contract always

takes the form {p∗(θ̃), r∗(θ̃)}; for all θ > θ̃, the optimal deterministic contract is the same as the

one without limited liability.

5 Observable R&D Effort: Pure Adverse Selection Benchmark

Our article differs from classical dynamic screening articles in that the first stage involves moral

hazard in addition to adverse selection. It is thus interesting to know the role moral hazard plays

in the optimal design. To this end, in this section, we study a pure adverse selection setting: The

agent’s R&D effi ciency θ and provision cost c are his private information, but his R&D investment

(i.e., α) is observable. According to the revelation principle (Myerson, 1986), there is no loss

of generality to restrict to direct mechanisms, which is truthful on the equilibrium path. The

mechanism specifies the first-stage payment to the agent x̃(θ) and the effort required α̃(θ) after

receiving the agent’s report θ. The mechanism also specifies the acquisition probability p̃(θ, c) and

the payment to the agent ỹ(θ, c) in the second stage, which depend on both the first-stage report
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θ and the second-stage report c.34,35

The Optimal Mechanism

Analysis and derivation of the optimal mechanism in this case is relegated to Appendix A. We

present the results here. Denote the optimal mechanism as {x̃∗(θ), α̃∗(θ), p̃∗(θ, c), ỹ∗(θ, c)}θ. Then

p̃∗(θ, c) =

{
1, if c ≤ c0,
0, if c > c0,

and ỹ∗(θ, c) =

{
c0, if c ≤ c0,
0, if c > c0.

In addition, α̃∗(θ) is decreasing in θ and α̃∗(θ) ≤ αFB(θ) with equality only when θ = θ; and

x̃∗(θ) ≤ 0 and is increasing in θ. Notice that at the optimum, the second-stage mechanism is

independent of the first-stage type and is ex post effi cient– i.e., the cutoff is c0. The following

proposition summarizes the main findings.

Proposition 6 In the pure adverse selection benchmark setting with observable R&D investment,
at the optimum,

i) The second-stage mechanism is always effi cient and thus is independent of the agent’s first-stage

type;

ii) A more effi cient type is required to exert more effort;

iii) There is a downward distortion of effort provision, except for the most effi cient type.

Implementation: Fixed-Price Plus Default-Remedy Contract with Effort Re-
quirement

The optimal mechanism {x̃∗(θ), α̃∗(θ), p̃∗(θ, c), ỹ∗(θ, c)}θ described above can be implemented by a
menu of single-stage fixed-price plus default-remedy contracts with effort requirement. Let r̃∗(θ) =

−x̃∗(θ) and p̃∗(θ) = c0 − r̃∗(θ), where p̃∗(θ) > 0 is the provision price for the product if the agent

delivers it,36 and r̃∗(θ) ≥ 0 is the default remedy paid by the agent to the principal if the agent fails

to deliver the product because his delivery cost is too high. It is easy to see that p̃∗(θ) is increasing

in θ and r̃∗(θ) is decreasing in θ.

For contract {p̃∗(θ), r̃∗(θ), α̃∗(θ)}, the agent is willing to deliver the product when and only when
34Because the agent’s first-stage and second-stage payoffs are linear in payment, there is no loss of generality

to focus on deterministic payment rules x̃(θ) and ỹ(θ, c). In addition, as can be seen from the derivation in the
appendix, the principal’s objective function is strictly convex in effort, so that there is no benefit of randomizing the
effort requirement.
35 It is clear that allowing the mechanism to depend on investment cannot improve generality, as investment is a

function of the first-stage report.
36To see that p̃∗(θ) > 0, please refer to “Derivation 3” in Appendix A.
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his delivery cost is smaller than p̃∗(θ) + r̃∗(θ) = c0. Therefore, c0 is the acquisition cutoff,37 which

means that the contract implements the same allocation rule as the optimal mechanism. Then it

is easy to see that, from the agent’s perspective at the first stage, this contract is equivalent to

the one that first asks the agent to pay |x̃∗(θ)| and exert effort α̃∗(θ) at the first stage, and the
second stage is a take-it-or-leave-it offer at price c0. The ICs then follow from the payment rules.

Contracts {p̃∗(θ), r̃∗(θ), α̃∗(θ)}θ can be viewed as standard single-stage contracts, as the menu only
relies on first-stage types.

The implementation result is formally presented in the following proposition.

Proposition 7 In the pure adverse selection setting with observable R&D investment, the optimal
mechanism is implemented by a menu of (single-stage) fixed-price plus default-remedy contracts with

effort level requirement: {p̃∗(θ), r̃∗(θ), α̃∗(θ)}θ, where r̃∗(θ) ≥ 0 and is decreasing in θ, p̃∗(θ) ∈ (0, c0]

and is increasing in θ, and α̃∗(θ) is decreasing in θ. For contract {p̃∗(θ), r̃∗(θ), α̃∗(θ)}, p̃∗(θ) is the
provision price for the agent if he delivers the product, r̃∗(θ) is the default remedy paid by the

agent to the principal if the agent fails to deliver the product, and α̃∗(θ) is the effort required. At

equilibrium, type θ agent opts for contract {p̃∗(θ), r̃∗(θ), α̃∗(θ)}.

6 Discussions

Ex Post Effi ciency

As shown in Corollary 1 and Proposition 6, there is ex post effi ciency loss (distortive allocation) in

the mixed problem, whereas it is always ex post effi cient in the pure adverse selection benchmark.

For the latter scenario, the ex post effi ciency in the second stage is rather surprising, given that

the optimal mechanism is typically discriminatory in the dynamic screening literature (e.g., Courty

and Li, 2000; Eső and Szentes, 2007). After all, at first glance, the second-stage type distribution

depends on the effort required by the principal, which in turn depends on the agent’s first-stage type.

Therefore, the second-stage type distribution indirectly depends on the first-stage type. It seems

to suggest that the agent, in the beginning of the first stage, has an informational advantage about

his second-stage type distribution, which entails distortive second-stage allocation. Nevertheless,

this is contradicted by our finding.

To understand these results, let us first go back to the seminal article of Baron and Besanko

(1984), who coined the informativeness of the first-stage type. When the first-stage type and second-

stage type are independent, knowing his first-stage type does not give the agent any information

about his second-stage type distribution, so that he and the principal have symmetric beliefs about

the second-stage type distribution. Therefore, the principal does not need to sacrifice any ex

post effi ciency. When the first-stage type and the second-stage type are correlated, knowing his

first-stage type gives the agent informational advantage about his second-stage type distribution.

37The reason is similar to the one explained in footnote 33.
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This leads to the well-established impulse response term (or “informativeness”) in the dynamic

mechanism design literature. The principal then has to sacrifice ex post effi ciency to overcome her

informational disadvantage in the optimal mechanism.

In our pure adverse selection benchmark, though the second-stage type distribution indirectly

depends on the first-stage type, it is actually fully pinned down by the effort requirement from

the principal. Before signing the contract with the principal, knowing his first-stage type at that

point does not give the agent any informational advantage about his second-stage type distribution,

because he and the principal both understand that it is the effort that the principal requires from

him that determines his second-stage type distribution, not his first-stage type. Therefore, when

signing the contract, the principal does not need to distort the second-stage allocation, as the

informativeness of the first-stage type about the second-stage type degenerates and the impulse

response term disappears. However, the downward distortion of effort in Proposition 6 implies that

the principal has to sacrifice effort effi ciency to concede information rent to the agent because of

the agent’s private information of his first-stage type.

Let us now turn to interpretation of the second-stage allocation distortion result in the mixed

problem. In Problem (O-R-D), let λ be the Lagrangian multiplier associated with the binding

moral hazard constraint MHC (4), and write the Lagrangian as

L =

(
θ +

G(θ)

g(θ)

)
α+

∫ ĉ

c

(
c− c0 + λ

H2(c, α)

h(c, α)

)
h(c, α)dc− λθ.

Suppose the multiplier associated with the optimal solution (α∗(θ), c∗(θ)) is λ∗(θ). In the proof of

Lemma 3, we show that λ∗(θ) ≥ 0 with equality only when θ = θ. In the first stage, the optimal

contract induces type θ agent to exert effort α∗(θ). Now the Lagrangian becomes

L =

∫ ĉ

c

(
c− c0 + λ∗(θ)

H2(c, α
∗(θ))

h(c, α∗(θ))

)
h(c, α∗(θ))dc+

(
θ +

G(θ)

g(θ)

)
α∗(θ)− λ∗(θ)θ.

The first-order condition with respect to ĉ, by Assumption 1, gives rise to a unique solution c∗(θ)–

the optimal cutoff for type θ– satisfying

[c∗(θ)− c0] + λ∗(θ)
H2(c

∗(θ), α∗(θ))

h(c∗(θ), α∗(θ))
= 0.

The distortion from the first-best cutoff c0 is then λ∗(θ)
H2(c∗(θ),α∗(θ))
h(c∗(θ),α∗(θ)) ≥ 0, with equality only when

θ = θ.

Notice that it is the effort level α that fully determines the distribution of the second-stage type,

and α is dependent on θ. Therefore, the term H2(c,α∗(θ))
h(c,α∗(θ)) then characterizes the “informativeness”

of the effort α∗(θ) (or impulse response), which is first introduced in Baron and Besanko (1984).

Note that the impulse response term does not depend on the first-stage type, but rather on the

effort level. The multiplier λ∗(θ), which is associated with the moral hazard constraint (the first-
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order condition), reflects the cost of incentivizing the agent to follow the effort recommendation.

In other words, it measures the cost of moral hazard. On the other hand, if there is no moral

hazard issue– i.e., the moral hazard constraint is irrelevant, so that λ∗(θ) = 0– then we have that

there is no distortion by our unified approach here, which is consistent with our analysis of the

pure adverse selection benchmark. Therefore, c+λ∗(θ)H2(c,α∗(θ))
h(c,α∗(θ)) can be interpreted as the “virtual

cost,”whose second term is the first-stage adjustment (i.e., λ∗(θ)) due to moral hazard multiplied

by the informativeness of the effort (i.e., H2(c,α∗(θ))
h(c,α∗(θ)) ). The optimal cutoff is then determined by

equating the virtual cost with the outside option c0. It is thus clear that: 1) Assumption 1 implies

that the virtual cost crosses c0 only once; 2) Assumptions 2—4 are to ensure that the endogenous

informativeness term, λ∗(θ)H2(c∗(θ),α∗(θ))
h(c∗(θ),α∗(θ)) , is increasing in θ.

Note that the privacy of effort here, or equivalently moral hazard, is crucial, as it restores the

agent’s informational advantage about the second-stage type, as it is the effort that determines

the distribution of the second-stage type, not the first-stage type θ. As discussed above, if effort

is observable, there is no distortion in the second stage. Therefore, moral hazard is a key element

that drives the impulse response term.

Another benchmark is pure moral hazard in the first stage and pure adverse selection in the

second stage. That is, the agent’s R&D ability θ is public, whereas his effort level and the second-

stage type are his private information, which is a standard “moral hazard followed by adverse

selection.”Because the agent is risk neutral, the principal can achieve the first-best by making the

agent the residual claimant for the profit. Thus, there is ex post effi ciency loss (or discriminatory

allocation) if and only if both moral hazard and adverse selection are present in the first stage.

One insight from the dynamic screening literature (e.g., Courty and Li, 2000; Eső and Szentes,

2007) is that pure adverse selection could lead to discriminatory allocation in the second stage.

In our setting, the distortion does not come from pure dynamic adverse selection, but rather

from the combination of moral hazard and adverse selection. Thus, we identify another source

of discriminatory allocation that extends the insight in the dynamic screening literature to a new

environment.

Comparison of Optimal Contracts

With Propositions 4 and 7, we can compare the optimal mechanisms across the two scenarios

with observable and unobservable R&D effort. The comparison would highlight the impact of

the unobservability of R&D effort– i.e., moral hazard– on the optimal design of the procurement

contract. Corollary 2 highlights how provision price and default remedy are paired differently across

the two scenarios.

Corollary 2 In the pure adverse selection setting, the provision price and the default remedy are
negatively correlated: Lower provision price is paired with higher default remedy. In the mixed

problem, the provision price and the default remedy are positively correlated: Higher provision price

is paired with higher default remedy.
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The next corollary further illustrates how the sum of provision price and default remedy differs

across the two scenarios, and its implications for ex post allocation effi ciency and discrimination in

product supply across different R&D effi ciency types of agent.

Corollary 3 In the pure adverse selection setting, the sum of provision price and default remedy

equals the principal’s outside option for all contracts in the menu. In the mixed problem, this is

only true for the contract of the most effi cient type θ; for the contract of the other types, the sum of

provision price and default remedy is strictly lower than the principal’s outside option. Therefore,

ex post effi ciency loss and discrimination in product provision across different R&D effi ciency types

of agent arise if and only if R&D effort is unobservable.

Fixed-Price Plus Default-Remedy Contracts

The optimal mechanism for the mixed problem can be implemented by a menu of (single-stage)

fixed-price plus default-remedy contracts {p∗(θ), r∗(θ)}θ by Proposition 4. Several features of the
optimal fixed-price contract in this case are worth noting. First, unlike the contract in the pure

adverse selection case, a higher provision price p∗(θ) is paired with a higher default remedy r∗(θ).

Therefore, if the agent wishes to have a higher selling price for his product, he also bears the risk

of paying a higher remedy if his production cost is so high that he prefers nondelivery.

Another key feature is that the sum of the provision price and the default remedy for the most

effi cient type is exactly c0, whereas it is strictly lower than c0 for all other types (it equals c∗(θ)).

This results from the discriminatory acquisition cutoff against these types and leads to ex post

effi ciency loss. To see this, recall that in the contract {p∗(θ), r∗(θ)}θ, the agent is willing to deliver
the product when and only when his delivery cost is smaller than p∗(θ) + r∗(θ). Therefore, if c∗(θ)

is smaller than c0, which is the case for the optimal mechanism, the agent prefers defaulting when

his cost c ∈ (c∗(θ), c0) so that the principal has to turn to the outside option, which costs her c0.

Therefore, there is effi ciency loss ex post.

Third, the default remedy plays a dual role in the optimal contract. On the one hand, the

remedy (as the “stick”) and the provision price (as the “carrot”) work together to incentivize the

agent to exert effort when moral hazard arises. On the other hand, the remedy paid by the agent

if he defaults also serves to extract surplus. Notice that the default remedy for the principal is

higher for a more effi cient type. This is rather intuitive, because with a uniform default remedy for

different types, a more effi cient type definitely has no incentive to mimic a less effi cient type due

to the discriminatory provision price. Therefore, the principal is able to extract more surplus from

a more effi cient type by setting a higher default remedy.

Finally, the magnitudes of the provision price and the remedy in the mixed problem are also

worth mentioning. Notice that the provision price p∗(θ) is always smaller than c0. Therefore, the
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principal will never default, because the provision price is always lower than the market price c0.38

By law, the procurer (the principal) has the right to claim a remedy from the supplier (the agent)

with the amount of (up to) the difference between the market price (i.e., c0) and the contract

price (i.e., provision price) if the supplier defaults.39 The derived fixed-price plus default-remedy

contract in our setting is consistent with the regulations in reality. For the mixed problem, the

sum of the price and the remedy for the most effi cient type is exactly c0, whereas it is strictly lower

than c0 for all other types. In other words, for the most effi cient type, the remedy is exactly the

difference between the market price c0 and the provision price p∗(θ), whereas for the other types,

the remedy is “partial”in the sense that it is strictly smaller than the difference.40 For the purpose

of screening different R&D effi ciency supplier types, the procurer only claims a partial remedy in

the contract– although she is allowed by law to demand that the contractor fully cover the damage

due to his default.

7 Conclusion

This article studies the optimal procurement design in a two-stage environment in which the R&D

effi ciency of the supplier is his private information, and the supplier can exert R&D effort to

improve his chance of discovering a more cost-effi cient way to provide the product. We analyze

this design problem from a dynamic mechanism design perspective. To our best knowledge, this

is the first time in the procurement design literature that the contractor’s private R&D ability

and endogenized R&D effort (observable or unobservable) are jointly integrated into an analytical

framework of dynamic mechanism design.

We find that observable effort segregates the impact of the agent’s first-stage private information

on the second-stage product-provision rule. Regardless of R&D effi ciency, the second-stage product-

provision rule is always ex post effi cient. The principal relies solely on the first-stage mechanism

(effort provision and transfer rules) to elicit the agent’s private information on R&D effi ciency.

When the agent’s R&D effort is unobservable, the principal must also rely on a discriminatory

second-stage product-provision rule to optimally elicit first-stage private information and induce

the desired R&D effort level. Moral hazard restores the impulse response term, leaving the second-

stage allocation distortive. Note that the second-stage product-provision rule is discriminatory if

and only if both moral hazard and adverse selection are present in the first stage. In other words,

the distortion does not come solely from adverse selection in our environment.

The optimal two-stage mechanism can be implemented by a menu of (single-stage) contracts of

fixed price plus default remedy. A higher provision price is paired with a higher default remedy.

The remedy in the contract plays a dual role: It serves as a “stick” to motivate the agent to

38This observation also applies to the pure adverse selection contract.
39Please refer to footnote 8 for several examples.
40 In the pure adverse selection contract, because the sum of the provision price and the remedy is always c0, this

means that the remedy for the principal is exactly the difference between the market price and the provision price.
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exert effort and, at the same time, it extracts the agent’s surplus. The optimality of this family of

contracts and its simple form rationalize its wide adoption in reality. Moreover, the theoretically

predicted positive correlation between provision price and default remedy suggests the possibility

of an empirical work that tests the validity and implication of our analytical framework using real

data from procurement contracts.

The insights obtained in our article extend to other environments. For example, the principal’s

problem with observable total R&D cost is equivalent to that with observable R&D effort.41 When

total R&D cost is contractible, once the agent reports his type, the principal can impose an R&D

cost that equals the total effort cost induced by the optimal mechanism with observable R&D effort.

Clearly, the resulting mechanism duplicates the optimal mechanism with observable R&D effort.

Our analysis illustrates the subtle impacts of the agent’s private information about R&D effi -

ciency on optimal procurement design for both observable and unobservable R&D effort. Moreover,

we find that the optimal mechanism crucially depends on the observability of R&D effort. These

observations provide useful guidelines by which the designer can appropriately take these factors

into account when considering the optimal procurement design that targets acquisition cost ef-

fectiveness. For example, in practice, sometimes the principal may be able to monitor the agent’s

R&D activity and the monitoring is not costly; this, then, corresponds to the pure adverse selection

benchmark. However, when it is too costly to monitor R&D activity, or the accounting error of

measuring the total R&D cost is too large, the principal then faces the mixed adverse selection and

moral hazard setting.

We have focused on an environment with a single agent. Although we expect that the main

insights can be extended to a multi-agent setting, new issues related to information disclosure and

belief updating would arise and create additional challenges for analysis. We leave these interesting

issues to future work.

8 Appendix A

Derivation of the First-Best Benchmark

Suppose that in the second stage, for type θ and realized cost c, the contract specifies the payment

to the agent yFB(θ, c) and the acquisition probability pFB(θ, c). In the first stage, the contract

prescribes the agent’s effort level αFB(θ) and the payment to the agent xFB(θ). First notice that

there is no loss of generality to focus on deterministic mechanisms. As we will see later, the total

procurement cost is convex in effort when the second-stage mechanism is effi cient (which is optimal

given any effort level), so there is no loss of generality to assume that the required effort αFB(θ)

is deterministic. Also note that the agent’s payoffs are linear in transfers xFB(θ) and yFB(θ, c), so

we can focus on deterministic transfers.
41 In our article, the R&D cost is completely determined by the agent’s type and effort level. If an additional noise

kicks in, then we have a mixed problem (cf. Laffont and Tirole, 1986).
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The agent’s second-period payoffwhen his type is θ and the cost realization is c can be expressed

as42

π̃FB(θ, c) = yFB(θ, c)− pFB(θ, c)c.

The first-period expected payoff for the agent with type θ is

πFB(θ) = xFB(θ)− θαFB(θ) +

∫ c

c
π̃FB(θ, c)h(c, αFB(θ))dc.

As a result, the expected total procurement cost when the agent’s type is θ is

xFB(θ) +

∫ c

c
[yFB(θ, c) + (1− pFB(θ, c))c0]h(c, αFB(θ))dc

= θαFB(θ) +

∫ c

c
pFB(θ, c)(c− c0)h(c, αFB(θ))dc+ πFB(θ) + c0, (11)

which is the sum of social cost and the agent’s first-period expected utility.

Obviously, to minimize (11), we should set πFB(θ) = 0. Then notice that for any fixed α, to

minimize the total cost, we should set pFB(θ, c) = 1 when c ≤ c0, and pFB(θ, c) = 0 when c > c0.

Thus the optimization problem amounts to minimizing

θα+

∫ c0

c
(c− c0)h(c, α)dc = θα−

∫ c0

c
H(c, α)dc. (12)

Note that this function has increasing difference in (α, θ). The first-order partial derivative with

respect to α is

θ −
∫ c0

c
H2(c, α)dc.

The second-order partial derivative with respect to α is

−
∫ c0

c
H22(c, α)dc > 0.

Note that the cutoff is fixed at c0, regardless of the effort level, and the objective function (12) is

convex in effort. Thus, the principal would implement a deterministic effort.

The unique optimal solution αFB(θ) satisfies

θ −
∫ c0

c
H2(c, α

FB(θ))dc ≥ 0, with equality when αFB(θ) > 0. (13)

Note that because the function (12) has increasing difference in (α, θ), we have αFB(θ) is decreasing

in θ and is strictly decreasing whenever αFB(θ) > 0.

42For the time being, we ignore individual rationality constraints. We will verify that the agent’s payoff is nonneg-
ative for both stages under the first-best contract.
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Payment yFB(θ, c) is set at c0 when pFB(θ, c) = 1; otherwise, yFB(θ, c) = 0. Payment xFB(θ)

equals θαFB(θ)−
∫ c0
c H(c, αFB(θ))dc to extract all the surplus. It is easy to verify that the agent’s

payoff is nonnegative for both stages, so that the individual rationality constraints are satisfied. �

Proofs of constraint (4), Lemma 1, and Theorem 1

Derivation of the moral hazard constraint (4): Recall that if the agent with type θ reports
θ̂ and exerts effort α, his expected payoff is

π̂(α, θ̂, θ) = x(θ̂)− θα+

∫ c

c
π̃(θ̂, c, c)h(c, α)dc.

There is no loss of generality to assume that π̃(θ̂, c, c) = 0 for all θ̂ ∈ [θ, θ]. This is true because we

can always define x̄(θ̂) = x(θ̂) + π̃(θ̂, c, c), and such change does not affect the first-stage expected

payoff π̂(α, θ̂, θ); thus the agent’s type reporting and R&D incentive remain the same. Based on

this observation and the fact that (2) holds for any reported type θ̂, we can rewrite the expected

payoff as

π̂(α, θ̂, θ) = x(θ̂)− θα+

∫ c

c

(∫ c

c
p(θ̂, s)ds

)
h(c, α)dc = x(θ̂)− θα+

∫ c

c
p(θ̂, c)H(c, α)dc. (14)

Taking derivative with respect to α yields

∂π̂(α, θ̂, θ)

∂α
= −θ +

∫ c

c
p(θ̂, c)H2(c, α)dc. (15)

The second-order derivative

∂2π̂(α, θ̂, θ)

∂α2
=

∫ c

c
p(θ̂, c)H22(c, α)dc < 0,

when p(θ̂, c) > 0 on a positive measure set. Because the agent’s expected payoff π̂(α, θ̂, θ) is strictly

concave in α, the optimal α– denoted as α(θ̂, θ)– is unique.43 Thus, the agent with type θ who

reports θ̂ will choose the optimal effort level α(θ̂, θ).

Note that

π(θ̂, θ) = max
α≥0

π̂(α, θ̂, θ) = π̂(α(θ̂, θ), θ̂, θ) = x(θ̂)− θα(θ̂, θ) +

∫ c

c
p(θ̂, c)H(c, α(θ̂, θ))dc. (16)

This is the agent’s expected utility when his true type is θ but he reports θ̂, given that he will

respond optimally when receiving the recommendation. Therefore, the first-stage truth-telling can

43 ∂2π̂(α,θ̂,θ)

∂α2
= 0 only when p(θ̂, c) = 0 for almost all c except on a zero measure set. However, in this case, from

the first-order condition we know that the agent will optimally choose α = 0. Therefore, in all cases the optimal α is
unique.
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be written as

π(θ, θ) ≥ π(θ̂, θ), ∀θ, θ̂,

where α(θ̂, θ) ≥ 0 satisfies

−θ +

∫ c

c
p(θ̂, c)H2(c, α(θ̂, θ))dc ≤ 0, with equality if α(θ̂, θ) > 0,∀θ, θ̂. (17)

The recommendation α(θ) for type θ agent must coincide with α(θ, θ), which is the moral hazard

constraint MHC (4):

−θ +

∫ c

c
p(θ, c)H2(c, α(θ))dc ≤ 0, with equality if α(θ) > 0, ∀θ.

Recall that the agent’s utility function π̂(α, θ̂, θ) is strictly concave in α (> 0) (refer to footnote

43); thus the “first-order approach” is valid. We can replace the original incentive compatibility

constraint for moral hazard with the above first-order condition. �
Proof of Lemma 1: Recall that, by (17), the optimal effort level α(θ̂, θ) a type θ agent would

choose when he reports θ̂ satisfies

−θ +

∫ c

c
p(θ̂, c)H2(c, α(θ̂, θ))dc ≤ 0, with equality if α(θ̂, θ) > 0. (18)

Note that α(θ̂, θ) must be bounded, as limα→+∞ π̂(α, θ̂, θ) = −∞ from (14). The following lemma

establishes some properties of α(θ̂, θ). (All of the proofs of lemmas in Appendix A, unless specified,

are relegated to Appendix B.)

Lemma A1 For any θ̂, α(θ̂, ·) is continuous. Moreover, it is differentiable everywhere except

possibly at one point.

Now recall that, from (16), the highest expected payoff a type θ agent can have when reporting

θ̂ is

π(θ̂, θ) = π̂(α(θ̂, θ), θ̂, θ) = x(θ̂)− θα(θ̂, θ) +

∫ c

c
p(θ̂, c)H(c, α(θ̂, θ))dc. (19)

The following lemma states some properties of π(θ̂, θ).

Lemma A2 For any θ̂, π(θ̂, ·) is Lipschitz continuous, and differentiable everywhere except possibly
at one point. Moreover, ∂π(θ̂,θ)∂θ = α(θ̂, θ) when the derivative exists.

Because π(θ̂, θ) is Lipschitz continuous in θ, it is absolutely continuous. Also note that it is

not differentiable only possibly at one point. The proof of Lemma A2 also shows that ∂π(θ̂,θ)
∂θ is

bounded. By the envelope theorem (cf. Milgrom and Segal, 2002), the “value function”π(θ, θ) is
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absolutely continuous, and when the derivative exists,

dπ(θ, θ)

dθ
=
∂π(θ̂, θ)

∂θ
|θ̂=θ = −α(θ, θ) = −α(θ).

Thus we have the following envelope condition:

π(θ, θ) = π(θ, θ) +

∫ θ

θ
α(s)ds,

which completes the proof of Lemma 1. �
Proof of Theorem 1: 1) Necessity: Suppose that {α(θ), c(θ)}θ is incentive compatible. Then
by Lemma 1, the envelope condition follows directly. Also, it must satisfy the MHC constraint

(4). Thus, we just need to prove the monotonicity condition. The following lemma is helpful for

establishing this.

Lemma A3 Assume that θl, θh ∈ [θ, θ] and θl < θh, and that ch ∈ [c, c]. Define αhh and αhl by

−θh +

∫ ch

c
H2(c, αhh)dc ≤ 0, with equality if αhh > 0,

and

−θl +

∫ ch

c
H2(c, αhl)dc ≤ 0, with equality if αhl > 0,

respectively. Then the function φ(ch) := θhαhh − θlαhl +
∫ ch
c [H(c, αhl)−H(c, αhh)]dc is increasing

in ch.

Pick any θ and θ̂ such that θ ≤ θ̂. Our goal is to show that c(θ) ≥ c(θ̂). Note that by (16), we
have

π(θ̂, θ) = x(θ̂)− θα(θ̂, θ) +

∫ c(θ̂)

c
H(c, α(θ̂, θ))dc

= x(θ̂)− θ̂α(θ̂, θ̂) +

∫ c(θ̂)

c
H(c, α(θ̂, θ̂))dc+ θ̂α(θ̂, θ̂)−

∫ c(θ̂)

c
H(c, α(θ̂, θ̂))dc

−θα(θ̂, θ) +

∫ c(θ̂)

c
H(c, α(θ̂, θ))dc

= π(θ̂, θ̂) + θ̂α(θ̂, θ̂)− θα(θ̂, θ) +

∫ c(θ̂)

c

(
H(c, α(θ̂, θ))−H(c, α(θ̂, θ̂))

)
dc

≤ π(θ, θ). (20)
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Similarly,

π(θ, θ̂) = x(θ)− θ̂α(θ, θ̂) +

∫ c(θ)

c
H(c, α(θ, θ̂))dc

= x(θ)− θα(θ, θ) +

∫ c(θ)

c
H(c, α(θ, θ))dc+ θα(θ, θ)−

∫ c(θ)

c
H(c, α(θ, θ))dc

−θ̂α(θ, θ̂) +

∫ c(θ)

c
H(c, α(θ, θ̂))dc

= π(θ, θ) + θα(θ, θ)− θ̂α(θ, θ̂) +

∫ c(θ)

c

(
H(c, α(θ, θ̂))−H(c, α(θ, θ))

)
dc

≤ π(θ̂, θ̂). (21)

Combining the last two lines of (20) and (21), we have

θ̂α(θ̂, θ̂)− θα(θ̂, θ) +

∫ c(θ̂)

c

(
H(c, α(θ̂, θ))−H(c, α(θ̂, θ̂))

)
dc

≤ θ̂α(θ, θ̂)− θα(θ, θ) +

∫ c(θ)

c

(
H(c, α(θ, θ))−H(c, α(θ, θ̂))

)
dc.

In Lemma A3, letting θ = θl, θ̂ = θh, the above inequality is simply g(c(θ̂)) ≤ g(c(θ)). By

Lemma A3, g(·) is increasing. Thus, we must have c(θ̂) ≤ c(θ). This completes the proof for the

necessity.

2) Suffi ciency: First note that condition iii) in the theorem is exactly the moral hazard

constraint MHC (4). What we need to show is that: Picking any first-stage type θ, we always

have π(θ̂, θ) ≤ π(θ, θ) for any θ̂, where π(θ̂, θ) and α(θ̂, θ) are pinned down by (16) and (17). In

other words, we only need to show constraint IC1 (3). Lemma A1 still holds, as it does not rely

on IC1 (3). Similar to (20), π(θ̂, θ) ≤ π(θ, θ) is equivalent to showing that

θ̂α(θ̂, θ̂)− θα(θ̂, θ) +

∫ c(θ̂)

c

(
H(c, α(θ̂, θ))−H(c, α(θ̂, θ̂))

)
dc ≤ π(θ, θ)− π(θ̂, θ̂). (22)

Our goal is to show that the above inequality (22) holds if c(θ) is decreasing and the envelope

condition holds. (Note that by condition iii), α(θ) = α(θ, θ), ∀θ.)

We show this for the case when θ̂ ≥ θ; the case when θ̂ < θ is similar. Notice that by direct

calculation, we have

θ̂α(θ̂, θ̂)− θα(θ̂, θ) =

∫ θ̂

θ

(
s · ∂α(θ̂, s)

∂s
+ α(θ̂, s)

)
ds.
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Here sα(θ̂, s) is differentiable everywhere except possibly at one point (a similar reason as in Lemma

A1). Similarly, we can verify

∫ c(θ̂)

c

(
H(c, α(θ̂, θ))−H(c, α(θ̂, θ̂))

)
dc = −

∫ θ̂

θ

∫ c(θ̂)

c

∂α(θ̂, s)

∂s
·H2(c, α(θ̂, s))dcds.

Therefore, the left-hand side of (22) can be written as

∫ θ̂

θ

(
∂α(θ̂, s)

∂s

(
s−

∫ c(θ̂)

c
H2(c, α(θ̂, s))dc

)
+ α(θ̂, s)

)
ds.

Note that (60) in the proof of Lemma A2 does not depend on IC1, so the above expression can be

simplified as
∫ θ̂
θ α(θ̂, s)ds. By the envelope condition, the right-hand side of (22) is44

∫ θ̂
θ α(s, s)ds.

Therefore, to show IC1, it suffi ces to show that α(s, s) ≥ α(θ̂, s) for any s ∈ [θ, θ̂]. This is

implied by the fact that c(θ) is decreasing in θ. To see this, note that by (17)

−s+

∫ c(θ̂)

c
H2(c, α(θ̂, s))dc ≤ 0, with equality if α(θ̂, s) > 0,

−s+

∫ c(s)

c
H2(c, α(s, s))dc ≤ 0, with equality if α(s, s) > 0.

Because s ≤ θ̂, c(θ̂) ≤ c(s). This further implies that α(s, s) ≥ α(θ̂, s) because H22 ≤ 0. This

completes the proof of suffi ciency. �

Detailed Derivation of the Analysis of Problem (O)

Problem (O-R)

It is diffi cult to solve Problem (O) directly, mainly because of the IC constraint (6). We first

relax Problem (O) by simplifying its constraints and relaxing constraint (6). To this end, recall

that the first-stage IC implies that (5) holds by Lemma 1, where α(θ) satisfies MHC (4), and

in fact, the expression of the total cost TC has employed (5). In addition, by (5) and the fact

that α(θ) is nonnegative, we have π(θ, θ) ≥ 0,∀θ, if and only if π(θ, θ) ≥ 0. Also note that (7)

has also been applied for simplifying the expression of TC. Therefore, if we drop (7), replace (10)

with π(θ, θ) ≥ 0, and drop transfers x, y in the choice set, we will have an equivalent optimization

problem as Problem (O). Now, if we further drop constraint IC1 (3) and consider only constraint

MHC (4), then we will have a relaxed problem Problem (O-R), as follows.

min
α(θ)≥0,p(θ,c)

TC

44Note that by condition iii), α(θ) is the equilibrium effort provision, which satisfies α(θ) = α(θ, θ).
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subject to

(4), (8), (9), and π(θ, θ) ≥ 0.

If the optimal solution to Problem (O-R) satisfies the first-stage IC, then such a solution must be

feasible in Problem (O), and it must be the optimal solution to Problem (O).

Obviously, for Problem (O-R), at the optimum, π(θ, θ) = 0. Notice that there is no constraint

in Problem (O-R) linking different first-stage types θ; thus we can minimize the objective function

in Problem (O-R) pointwisely, i.e., minimize the objective function TC for each fixed θ. Then

Problem (O-R) is equivalent to the following pointwise problem for each fixed θ:

min
α≥0,p(θ,c)

(
θ +

G(θ)

g(θ)

)
α+

∫ c

c
p(θ, c)(c− c0)h(c, α)dc

subject to

−θ +

∫ c

c
p(θ, c)H2(c, α)dc ≤ 0, with equality if α > 0; (23)

p(θ, c) is decreasing in c; (24)

0 ≤ p(θ, c) ≤ 1,∀c. (25)

With a little abuse of notation, we also call this problem Problem (O-R).

We have Lemma 2 in the main text for the above Problem (O-R). The proof is immediately

after the next subsection, entitled “Problem (O-R-D).”

Problem (O-R-D)

Obviously, a cutoff mechanism automatically satisfies (24) and (25). Therefore, by Lemma 2,

Problem (O-R) is equivalent to the following Problem (O-R-D):

min
α≥0,ĉ∈[c,c]

TC(α, ĉ; θ) =

(
θ +

G(θ)

g(θ)

)
α+

∫ ĉ

c
(c− c0)h(c, α)dc

subject to ∫ ĉ

c
H2(c, α)dc = θ. (26)

Here, for each θ, we seek effort level α ≥ 0 and the cutoff in the second stage ĉ jointly satisfying

(26) to minimize TC(α, ĉ; θ). Denote the optimal solution as (α∗(θ), c∗(θ)).45 Solving Problem

(O-R-D) for each θ, then {(α∗(θ), c∗(θ))}θ is the optimal solution to Problem (O-R-D), which must

be the optimal solution to Problem (O-R) under Assumption 1. Lemma 3 has established one

basic property of the optimal solution to Problem (O-R-D). The proof is immediately after this

45For simplicity, we assume that the optimal solution is unique and that every type exerts positive R&D effort at
the optimum. We focus on such environments to avoid the issue of optimum selection and the complication of dealing
with corner solutions, which significantly hinders the flow of the analysis but does not deliver additional insights.
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subsection.

As mentioned in the main text, the optimal solution to Problem (O-R-D)– {(α∗(θ), c∗(θ))}θ,
which can be solved pointwisely– may not necessarily be the optimal solution to the original prob-

lem Problem (O), as it may violate the IC constraint (6) there. According to Theorem 1, as long

as the cutoff c∗(θ) is decreasing, then such a solution must also be feasible in Problem (O). As

Problem (O-R-D) is a relaxed problem of Problem (O), this further implies that this solution must

also be the solution to Problem (O). Therefore, analysis of the optimal contract in Problem (O)

boils down to a comparative statics problem, in which we need to establish that the optimal cutoff

c∗(θ) in Problem (O-R-D) is decreasing in the parameter θ. Assumptions 2—4 serve this purpose.

Remark 1 Assumption 3 and Assumption 4 are imposed on all α ∈ [0, αFB(θ)) and all ĉ ∈
[ĉ(θ), c0). In fact, from the proof of Lemma 4, these two assumptions can be weakened to requiring

that they hold only for specific α ∈ [0, αFB(θ)) and ĉ ∈ [ĉ(θ), c0) with
∫ ĉ
c H2(c, α)dc = θ, θ ∈ (θ, θ].

Furthermore, as can be easily seen from the proof of Observation 3 in Appendix B, Assumption 4

can be further weakened to: For all θ ∈ (θ, θ],

H12(ĉ, α)− H22(ĉ, α) ·H2(ĉ, α)∫ ĉ
c H22(c, α)dc

≥ −H2(ĉ, α)

c0 − ĉ

(
G(θ)

g(θ)

)′
,

where α ∈ [0, αFB(θ)) and ĉ ∈ [ĉ(θ), c0) satisfy
∫ ĉ
c H2(c, α)dc = θ.

Proofs of Lemmas 2, 3, and 4

Proof of Lemma 2: Let us first prove that (23) must be binding at the optimum. Suppose, to
the contrary, that (23) is slack at the optimum.46 This means that we need to fix α = 0; otherwise,

(23) must be binding. Now Problem (O-R) can be rewritten as

min
p(θ,c)

∫ c

c
p(θ, c)(c− c0)h(c, 0)dc.

s.t.: ∫ c

c
p(θ, c)H2(c, 0)dc < θ; (27)

p(θ, c) is decreasing in c; (28)

0 ≤ p(θ, c) ≤ 1,∀c. (29)

For convenience, call this Problem (S). We will show that Problem (S) has no solutions.

In fact, the fact that (27) is slack implies that if Problem (S) has a solution, then it must be

p̂I(θ, c) =

{
1, when c ≤ c0;
0, when c > c0.

46Note that when the induced α = 0, it is still possible that (23) is binding.
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To see this, suppose, to the contrary, that the optimal solution to Problem (S) is pI(θ, c) and

pI(θ, c) 6= p̂I(θ, c). Denote c1 = sup{c : pI(θ, c) = 1} and c2 = inf{c : pI(θ, c) = 0}.

Case 1 : c1 > c0. In this case, because pI(θ, c) satisfies (27), p̂I(θ, c) also satisfies (27). Because

c− c0 > 0 when c > c0, it is obvious that∫ c

c
p̂I(θ, c)(c− c0)h(c, 0)dc <

∫ c

c
pI(θ, c)(c− c0)h(c, 0)dc,

which is a contradiction to pI(θ, c) being the optimal solution.

Case 2 : c1 < c0. Consider

p′I(θ, c) =

{
1, when c ≤ c1 + ε,

pI(θ, c), when c > c1 + ε,

where ε > 0 is small enough such that c1 + ε < c0 and
∫ c
c p
′
I(θ, c)H2(c, 0)dc < θ. This is possible,

because
∫ c
c pI(θ, c)H2(c, 0)dc < θ. However, because c− c0 < 0 when c < c0, it is obvious that∫ c

c
p′I(θ, c)(c− c0)h(c, 0)dc <

∫ c

c
pI(θ, c)(c− c0)h(c, 0)dc,

which is a contradiction to pI(θ, c) being the optimal solution.

The above discussion implies that c1 = c0. Given this, it is easy to obtain that c2 = c1 = c0.

This is because if c2 > c0, then such a solution must be strictly worse than p̂I(θ, c). (Note that

because c2 > c0, it is easy to see that p̂I(θ, c) must be feasible.) This again leads to a contradiction.

In sum, when (23) is slack in Problem (O-R), we must have c1 = c2 = c0 so that p̂I(θ, c) is

the only possible solution. However, p̂I(θ, c) does not satisfy (27), because
∫ c
c p̂I(θ, c)H2(c, 0)dc <

θ implies that
∫ c0
c H2(c, 0)dc < θ, which contradicts Assumption 0: θ <

∫ c0
c H2(c, 0)dc. The

contradiction means that at the optimum, (23) must be binding.

Now we turn to the second part of Lemma 2– the optimality of cutoff mechanisms in Problem

(O-R). It suffi ces to show that for any fixed first-stage type θ and each induced effort level α, the

cutoff mechanism is the optimum. More precisely, consider the following minimization problem,

Problem I:

min
p(θ,c)

(
θ +

G(θ)

g(θ)

)
α+

∫ c

c
p(θ, c)(c− c0)h(c, α)dc,

s.t.:

−θ +

∫ c

c
p(θ, c)H2(c, α)dc ≤ 0, with equality if α > 0; (30)

p(θ, c) is decreasing in c; (31)

0 ≤ p(θ, c) ≤ 1,∀c. (32)

In this minimization problem, θ and α ≥ 0 are given. If we can show that an optimal solution to
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the above problem is a cutoff mechanism, then we are done.

By our previous argument, we only need to consider the case in which constraint (30) is binding

at the optimum. Then, for induced effort level α, there exists some p(θ, c) satisfying (31) and (32)

such that ∫ c

c
p(θ, c)H2(c, α)dc = θ. (33)

This implies that there exists a cutoff ĉ(θ, α) such that∫ ĉ(θ,α)

c
H2(c, α)dc = θ. (34)

In other words, there is a cutoff mechanism with the cutoff being ĉ(θ, α), which induces effort level

α. Our goal is to show that this cutoff mechanism solves Problem I.

Consider the following problem:

min
p(θ,c)

∫ c

c
p(θ, c)

(
c− c0 + λ̃

H2(c, α)

h(c, α)

)
h(c, α)dc, s.t. constraints (31) and (32),

where λ̃ = (c0−ĉ(θ,α))h(ĉ(θ,α),α)
H2(ĉ(θ,α),α)

, which is a constant. Call this Problem II. Obviously, the optimal
solution to Problem II cannot be worse than the solution to the following Problem III:

min
p(θ,c)

∫ c

c
p(θ, c)

(
c− c0 + λ̃

H2(c, α)

h(c, α)

)
h(c, α)dc, s.t. constraints (31)—(33),

because Problem III has one more constraint, i.e., constraint (33), than Problem II.

It is easy to see that Problem I and Problem III are equivalent. This is because by (30), the

objective function of Problem III can be written as∫ c

c
p(θ, c)(c− c0)h(c, α)dc+ λ̃

∫ c

c
p(θ, c)H2(c, α)dc

=

∫ c

c
p(θ, c)(c− c0)h(c, α)dc+ λ̃θ.

But because θ is fixed, minimizing
∫ c
c p(θ, c)(c − c0)h(c, α)dc + λ̃θ is the same as minimizing∫ c

c p(θ, c)(c − c0)h(c, α)dc. Also notice that the constraints in Problem I and Problem III are

exactly the same, as (30) is binding. Therefore, Problem I and Problem III are equivalent.

Because the solution to Problem II cannot be worse than that to Problem III, we obtain that

the solution to Problem II cannot be worse than that to Problem I. Nevertheless, we show that the

optimal solution to Problem II is feasible in Problem I. In Problem II, let

ϕ(c; θ, α, λ̃) = c− c0 + λ̃
H2(c, α)

h(c, α)
.
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Then the objective function of Problem II can be rewritten as∫ c

c
p(θ, c)ϕ(c; θ, α, λ̃)h(c, α)dc.

Notice that ϕ(c; θ, α, λ̃) = c − c0 < 0, ϕ(ĉ(θ, α); θ, α, λ̃) = 0 by the definition of λ̃, and

ϕ(c; θ, α, λ̃) = c − c0 > 0. Assumption 1 (Single Crossing) then implies that ϕ(c; θ, α, λ̃) < 0

when c < ĉ(θ, α); ϕ(c; θ, α, λ̃) = 0 when c = ĉ(θ, α); ϕ(c; θ, α, λ̃) > 0 when c > ĉ(θ, α). It is then

obvious that under constraints (31) and (32), the optimal solution to Problem II is

p̂(θ, c) =

{
1, when c ≤ ĉ(θ, α);

0, when c > ĉ(θ, α).

In other words, the optimal solution to Problem II is a cutoff mechanism.

By the definition of ĉ(θ, α) in equation (34), p̂(θ, c) satisfies constraint (30). Thus the optimal

solution to Problem II is also feasible in Problem I. Because the optimal solution to Problem I

cannot be better than that to Problem II, p̂(θ, c) must be the optimal solution to Problem I.

Therefore, we have established that an optimal solution to Problem (O-R) is a cutoff mechanism.

The proof completes. �
Proof of Lemma 3: Problem (O-R-D) is a standard constrained optimization problem. It can

be equivalently written as

min
ĉ∈[c,c]

TC(α, ĉ; θ) =

(
θ +

G(θ)

g(θ)

)
α+

∫ ĉ

c
(c− c0)h(c, α)dc

subject to ∫ ĉ

c
H2(c, α)dc = θ; (35)

α ≥ 0. (36)

Construct the Lagrangian as

L =

(
θ +

G(θ)

g(θ)

)
α+

∫ ĉ

c
(c− c0)h(c, α)dc+ λ(θ)(

∫ ĉ

c
H2(c, α)dc− θ)− ξ(θ)(c− ĉ)− µ(θ)α.

The Kuhn-Tucker conditions are47

∂L

∂ĉ
= (ĉ− c0)h(ĉ, α) + λ(θ)H2(ĉ, α) + ξ(θ) = 0, (37)

47Note that there is no need to worry about corner solutions regarding ĉ = c, because ĉ = c can never satisfy (35).
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∂L

∂α
= θ +

G(θ)

g(θ)
+

∫ ĉ

c
(c− c0)H12(c, α)dc+ λ(θ)

∫ ĉ

c
H22(c, α)dc− µ(θ)

= θ +
G(θ)

g(θ)
+

∫ ĉ

c
(c− c0)dH2(c, α) + λ(θ)

∫ ĉ

c
H22(c, α)dc− µ(θ)

= θ +
G(θ)

g(θ)
+ (c− c0)H2(c, α)|ĉc=c −

∫ ĉ

c
H2(c, α)dc+ λ(θ)

∫ ĉ

c
H22(c, α)dc− µ(θ)

=
G(θ)

g(θ)
+ (ĉ− c0)H2(ĉ, α) + λ(θ)

∫ ĉ

c
H22(c, α)dc− µ(θ) = 0, (38)

α ≥ 0, µ(θ) ≥ 0, and µ(θ)α = 0, (39)

c− ĉ ≥ 0, ξ(θ) ≥ 0, and ξ(θ)(c− ĉ) = 0, (40)

and ∫ ĉ

c
H2(c, α)dc = θ. (41)

We first show that c∗(θ) ≤ c0 for all θ ∈ [θ, θ]. Suppose, to the contrary, that there exists some

θ̃ such that c∗(θ̃) > c0. Then (37) implies that λ(θ) < 0. Because G(θ)
g(θ) ≥ 0 and H22(c, α) < 0

when c ∈ (c, c), (38) leads to µ(θ) > 0. This then implies that α = 0. However, by (41) we have∫ ĉ
c H2(c, 0)dc = θ̃ ≤ θ with ĉ > c0, which violates Assumption 0. Thus, c∗(θ) ≤ c0 for all θ ∈ [θ, θ].

We next show that c∗(θ) < c0 for all θ ∈ (θ, θ]. Suppose, to the contrary, that there exists some

θ̃ such that c∗(θ̃) = c0. Then (37) implies that λ(θ) = 0; (38) then implies that µ(θ) = G(θ)
g(θ) > 0

so that α = 0. However, (41) then implies that
∫ c0
c H2(c, 0)dc = θ̃, which violates Assumption 0.

Thus, c∗(θ) < c0 for all θ ∈ (θ, θ].

Finally, we show that c∗(θ) = c0. It suffi ces to show that c∗(θ) < c0 is not possible. Suppose, to

the contrary, that this is the case; we must have ξ(θ) = 0 by slackness condition (40). Then (37)

implies that λ(θ) > 0. Given G(θ)
g(θ) = 0, (38) further implies that µ(θ) < 0, which violates (39).

One useful fact from the proof of Lemma 3 is that λ(θ) ≥ 0 with equality only when θ = θ.

This is obvious from equation (37) and the fact that c∗(θ) ≤ c0 for all θ with equality only when

θ = θ. The proof completes. �
Proof of Lemma 4: Notice that if c∗(θ) is strictly decreasing in θ, then because

∫ c∗(θ)
c H2(c, α

∗(θ))dc =

θ and H22(c, α) < 0 when c ∈ (c, c), when θ increases, α∗(θ) must strictly decrease. Therefore, we

only need to show that c∗(θ) is strictly decreasing in θ.

Note that Lemma 3 implies that we only need to show Lemma 4 for θ > θ. Then this means that

we can restrict the choice of ĉ in Problem (O-R-D) from [c, c] to [c, c0). For each first-stage type θ,

define ĉ(θ) as the cutoff satisfying
∫ ĉ(θ)
c H2(c, 0)dc = θ. It is easy to see that (26) can hold only for

ĉ ≥ ĉ(θ). Therefore, to prove Lemma 4, we can restrict to θ > θ and ĉ ∈ [ĉ(θ), c0). Obviously, ĉ(θ)

is strictly increasing in θ. It is also straightforward that the induced effort α < αFB(θ) when θ > θ.
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This is why Assumption 3 and Assumption 4 are imposed on α ∈ [0, αFB(θ)) and ĉ ∈ [ĉ(θ), c0).

Equation (26) defines α as a function of ĉ and θ– denoted as α(ĉ, θ)– which is twice continuously

differentiable by the implicit function theorem. Substituting the function α(ĉ, θ) into the objective

function of Problem (O-R-D) would lead to an unconstrained optimization problem

min
ĉ∈[ĉ(θ),c0)

T̃C(ĉ, θ) =

(
θ +

G(θ)

g(θ)

)
α(ĉ, θ) +

∫ ĉ

c
(c− c0)h(c, α(ĉ, θ))dc,

parameterized by θ.

The following lemma is helpful to show Lemma 4. The proof is in Appendix B.

Lemma A4 ∂2T̃C(c∗(θ),θ)
∂θ∂ĉ > 0 implies Lemma 4.

According to Lemma A4, we only need to show ∂2T̃C(c∗(θ),θ)
∂θ∂ĉ > 0. Notice that

T̃C =

(
θ +

G(θ)

g(θ)

)
α(ĉ, θ) +

∫ ĉ

c
(c− c0)dH(c, α(ĉ, θ))

=

(
θ +

G(θ)

g(θ)

)
α(ĉ, θ) + (ĉ− c0)H(ĉ, α(ĉ, θ))−

∫ ĉ

c
H(c, α(ĉ, θ))dc.

Thus,

∂T̃C

∂ĉ
=

(
θ +

G(θ)

g(θ)

)
∂α

∂ĉ
+H(ĉ, α) + (ĉ− c0)

(
h(ĉ, α) +H2(ĉ, α)

∂α

∂ĉ

)
−H(ĉ, α)− ∂α

∂ĉ

∫ ĉ

c
H2(c, α(ĉ, θ))dc

=
G(θ)

g(θ)

∂α

∂ĉ
+ (ĉ− c0)

(
h(ĉ, α) +H2(ĉ, α)

∂α

∂ĉ

)
,

where the second equality follows from (26). Then

∂2T̃C

∂θ∂ĉ
=

(
G(θ)

g(θ)

)′ ∂α
∂ĉ

+
G(θ)

g(θ)

∂2α

∂θ∂ĉ
+ (ĉ− c0)

(
H12(ĉ, α)

∂α

∂θ
+H22(ĉ, α)

∂α

∂θ

∂α

∂ĉ
+H2(ĉ, α)

∂2α

∂θ∂ĉ

)

=
∂2α

∂θ∂ĉ

(
G(θ)

g(θ)
+ (ĉ− c0)H2(ĉ, α)

)
+

(
G(θ)

g(θ)

)′ ∂α
∂ĉ

+ (ĉ− c0)
(
H12(ĉ, α) +H22(ĉ, α)

∂α

∂ĉ

)
∂α

∂θ
,

where
(
G(θ)
g(θ)

)′
denotes d

dθ
G(θ)
g(θ) . Therefore,

∂2T̃C(c∗(θ), θ)

∂θ∂ĉ
=

∂2α(c∗, θ)

∂θ∂ĉ

(
G(θ)

g(θ)
+ (c∗ − c0)H2(c∗, α∗)

)
︸ ︷︷ ︸

A

+

(
G(θ)

g(θ)

)′ ∂α(c∗, θ)

∂ĉ
+ (c∗ − c0)

(
H12(c

∗, α∗) +H22(c
∗, α∗)

∂α(c∗, θ)

∂ĉ

)
∂α(c∗, θ)

∂θ︸ ︷︷ ︸
B

,
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where c∗ denotes c∗(θ) and α∗ denotes α(c∗(θ), θ).

To show that ∂2T̃C(c∗(θ),θ)
∂θ∂ĉ > 0, it suffi ces to show that A ≥ 0 and B > 0. Let us start with

showing A ≥ 0.

Step 1: A ≥ 0. Recall that moral hazard constraint (26) defines function α(ĉ, θ). Taking

partial derivative with respect to ĉ on both sides of (26) leads to

H2(ĉ, α) +

∫ ĉ

c
H22(c, α)

∂α

∂ĉ
dc = 0, (42)

so that
∂α

∂ĉ
= − H2(ĉ, α)∫ ĉ

c H22(c, α)dc
. (43)

Taking partial derivative with respect to θ on both sides of (26) leads to
∫ ĉ
c H22(c, α)∂α∂θ dc = 1, so

that
∂α

∂θ
=

1∫ ĉ
c H22(c, α)dc

. (44)

Therefore, we obtain
∂α

∂ĉ
= −H2(ĉ, α)

∂α

∂θ
. (45)

It is easy to see that ∂α
∂ĉ > 0 and ∂α

∂θ < 0. Now, taking partial derivative with respect to θ on both

sides of equation (42) leads to

H22(ĉ, α)
∂α

∂θ
+

∫ ĉ

c
H222(c, α)

∂α

∂θ

∂α

∂ĉ
dc+

∫ ĉ

c
H22(c, α)

∂2α

∂θ∂ĉ
dc = 0,

so that
∂2α

∂θ∂ĉ
= −

H22(ĉ, α)∂α∂θ + ∂α
∂θ

∂α
∂ĉ

∫ ĉ
c H222(c, α)dc∫ ĉ

c H22(c, α)dc
. (46)

We have the following observation regarding the sign of ∂
2α(c∗,θ)
∂θ∂ĉ . (The proof is in Appendix B.)

Observation 1: Under Assumption 3, ∂
2α(c∗,θ)
∂θ∂ĉ ≥ 0.

In addition, the proof of Lemma 3 leads to the following observation.

Observation 2:
G(θ)

g(θ)
+ (c∗ − c0)H2(c∗, α∗) ≥ 0.

To see this, recall that in the proof of Lemma 3 we established that λ(θ) ≥ 0. Substituting this

into (38) leads to

G(θ)

g(θ)
+ (c∗ − c0)H2(c∗, α∗) = µ(θ)− λ(θ)

∫ c∗

c
H22(c, α

∗)dc ≥ 0,

because µ(θ) ≥ 0 and
∫ c∗
c H22(c, α

∗)dc < 0.
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Combining Observations 1 and 2, it is obvious that A ≥ 0. Now we turn to B > 0.

Step 2: B > 0. From (43)—(45),

B = −
(
G(θ)

g(θ)

)′
H2(c

∗, α∗)
∂α(c∗, θ)

∂θ
+ (c∗ − c0)

(
H12(c

∗, α∗) +H22(c
∗, α∗)

∂α(c∗, θ)

∂ĉ

)
∂α(c∗, θ)

∂θ

=
∂α(c∗, θ)

∂θ
·
{
−
(
G(θ)

g(θ)

)′
H2(c

∗, α∗) + (c∗ − c0)
(
H12(c

∗, α∗) +H22(c
∗, α∗)

∂α(c∗, θ)

∂ĉ

)}

=
∂α(c∗, θ)

∂θ
·
{
−
(
G(θ)

g(θ)

)′
H2(c

∗, α∗) + (c∗ − c0)
(
H12(c

∗, α∗)− H22(c
∗, α∗) ·H2(c∗, α∗)∫ c∗
c H22(c, α∗)dc

)}
︸ ︷︷ ︸

B1

,

where the first equality follows from (45) and the last equality follows from (43).

Recall that ∂α
∂θ < 0. Thus, B > 0 is equivalent to B1 < 0. The following observation is easy to

see. (The proof is relegated to Appendix B.)

Observation 3: Under Assumptions 2 and 4, B1 < 0.

The proof of Lemma 4 completes. �

Proofs of Proposition 3, Lemma 5, and Proposition 5

Proof of Proposition 3: Recall the envelope condition that

π(θ, θ) = π(θ, θ) +

∫ θ

θ
α∗(s)ds,

π(θ, θ) = 0, and equation (16) that

π(θ, θ) = x∗(θ)− θα∗(θ) +

∫ c∗(θ)

c
H(c, α∗(θ))dc.

It is then easy to obtain

x∗(θ) = θα∗(θ) +

∫ θ

θ
α∗(s)ds−

∫ c∗(θ)

c
H(c, α∗(θ))dc.

To prove this proposition, it suffi ces to show that x∗(θ) < 0 and x∗′(θ) > 0. Notice that

x∗(θ) = θα∗(θ)−
∫ c∗(θ)

c
H(c, α∗(θ))dc.
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By definition, α∗(θ) > 0 is the unique maximizer of the following function (e.g., see (14))

ψ(α) = −θα+

∫ c∗(θ)

c
H(c, α)dc, α ≥ 0.

Therefore,

x∗(θ) = θα∗(θ)−
∫ c∗(θ)

c
H(c, α∗(θ))dc < θ · 0−

∫ c∗(θ)

c
H(c, 0)dc ≤ 0.

Now we proceed to show x∗′(θ) > 0. In fact,

x∗′(θ) = α∗(θ) + θα∗′(θ)− α∗(θ)−H(c∗(θ), α∗(θ))c∗′(θ)− α∗′(θ)
∫ c∗(θ)

c
H2(c, α

∗(θ))dc

= α∗′(θ)

(
θ −

∫ c∗(θ)

c
H2(c, α

∗(θ))dc

)
−H(c∗(θ), α∗(θ))c∗′(θ)

= −H(c∗(θ), α∗(θ))c∗′(θ) > 0, (47)

where the third equality uses the fact that

α∗′(θ)

(
θ −

∫ c∗(θ)

c
H2(c, α

∗(θ))dc

)
= 0,

as
∫ c∗(θ)
c H2(c, α

∗(θ))dc = θ. The proof completes. �
Proof of Lemma 5: The first part of Lemma 5 follows directly from Proposition 3.

For the second part, recall that by definition, p∗(θ) = c∗(θ) − r∗(θ) = c∗(θ) + x∗(θ). From

Proposition 3, x∗(θ) < 0. Therefore, p∗(θ) < c∗(θ) ≤ c0 for all θ by Lemma 3. To prove the rest of
the claims, it suffi ces to show that p∗(θ) > 0 and p∗(θ) is strictly decreasing.

In fact,

p∗(θ) = c∗(θ) + x∗(θ) = c∗(θ) + θα∗(θ)−
∫ c∗(θ)

c
H(c, α∗(θ))dc

> c∗(θ) + θα∗(θ)− (c∗(θ)− c) = θα∗(θ) + c > 0.

What is left is to show that p∗′(θ) < 0. Notice that from (47) and the fact that H(c∗(θ), α∗(θ)) < 1,

we have

p∗′(θ) = c∗′(θ) + x∗′(θ) = c∗′(θ)[1−H(c∗(θ), α∗(θ))] < 0.

�
Proof of Proposition 5: Recall that the absolute value of the first-stage transfer is increasing
in the second-stage cutoff (as shown in (47)), and that the second-stage cutoff increasing in the
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agent’s R&D effi ciency is necessary for IC in the class of deterministic mechanisms (Theorem 1).

Therefore, limited liability imposes an upper bound on the second-stage cutoff, denoted as c(K),

and this bound c(K) is obviously increasing in K. If c(K) ≥ c0– i.e., K is even larger than the

highest possible default remedy (which is paid by the most effi cient type when he defaults), which

means that K ≥ r∗(θ)– then the optimal deterministic mechanism must be the same as the one

without limited liability; however, if c(K) < c0, then bunching arises. Specifically, let θ̃ be the

unique cutoff such that48 c∗(θ̃) = c(K)– i.e., the default remedy by type θ̃, which is r∗(θ̃) in the

optimal mechanism without limited liability, equals K– then the optimal deterministic mechanism

is a pooling one when θ ≤ θ̃. More precisely, for all θ ≤ θ̃, the optimal deterministic mechanism

always takes the form {p∗(θ̃), r∗(θ̃)}; for all θ > θ̃, the optimal deterministic mechanism is the same

as the one without limited liability. Because c(K) is increasing in K, obviously θ̃ is decreasing in

K. �

Proofs for Section 5

In this subsection, we derive the optimal mechanism for the pure adverse selection case. As usual,

we start from the second stage.

Stage Two

Assume that the agent truthfully reported his type θ in stage one, and his realized cost is c. Let

π̃p(θ, ĉ, c) be his expected payoff in stage two if he reports ĉ. Then

π̃p(θ, ĉ, c) = ỹ(θ, ĉ)− p̃(θ, ĉ)c. (48)

The envelope theorem yields

dπ̃p(θ, c, c)

dc
=
∂π̃p(θ, ĉ, c)

∂c
|ĉ=c = −p̃(θ, c).

Thus

π̃p(θ, c, c) = π̃p(θ, c, c) +

∫ c

c
p̃(θ, s)ds. (49)

It is standard to establish that the second-stage IC is equivalent to that (49) holds and p̃(θ, c)

is decreasing in c for any fixed θ. Note that the agent will still truthfully report his second-stage

type c on the off-equilibrium path. That is, if the agent misreported his type in stage one as θ̂,

then he will still truthfully report c in stage two. The reason is similar to that in our main analysis

of the mixed problem.

Note that here we only consider IC in stage two. As will be shown later, at the optimum the

agent’s second-stage IR is satisfied.

48 If θ̃ > θ, then set θ̃ = θ.
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Stage One

We need to consider both IC and IR in stage one. If the agent with type θ reports his type in stage

one as θ̂, his expected payoff is

πp(θ̂, θ) = x̃(θ̂)− θα̃(θ̂) +

∫ c

c
π̃p(θ̂, c, c)h(c, α̃(θ̂))dc. (50)

The first term on the right-hand side is the payment, the second term is the agent’s investment

cost, and the last term is his expected profit from the second stage. Substitute (49) into (50)

πp(θ̂, θ) = x̃(θ̂)− θα̃(θ̂) +

∫ c

c

(
π̃p(θ̂, c, c) +

∫ c

c
p(θ̂, s)ds

)
h(c, α̃(θ̂))dc

= x̃(θ̂)− θα̃(θ̂) + π̃p(θ̂, c, c) +

∫ c

c

∫ c

c
p(θ̂, s)h(c, α̃(θ̂))dsdc.

There is no loss of generality to assume that π̃p(θ, c, c) = 0 for all θ. The reason is that we can

always define x̌(θ) = x̃(θ) + π̃p(θ, c, c). Such change does not affect the first-stage expected payoff

πp(θ̂, θ), and thus the agent’s incentive remains the same.

Envelope theorem leads to

dπp(θ, θ)

dθ
=
∂πp(θ̂, θ)

∂θ
|θ̂=θ = −α̃(θ),

thus

πp(θ, θ) = πp(θ, θ) +

∫ θ

θ
α̃(s)ds. (51)

Routine procedure leads to the observation that IC and IR in stage one are equivalent to α̃(θ)

being decreasing in θ, πp(θ, θ) ≥ 0, and that (51) holds.

The Principal’s Objective

The expected social cost can be written as

SCp =

∫ θ

θ

(
θα̃(θ) +

∫ c

c
[p̃(θ, c)c+ (1− p̃(θ, c))c0]h(c, α̃(θ))dc

)
g(θ)dθ

=

∫ θ

θ

(
θα̃(θ) +

∫ c

c
p̃(θ, c)(c− c0)h(c, α̃(θ))dc

)
g(θ)dθ + c0.
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The principal’s total cost is the sum of the expected social cost and the agent’s expected profit:

TCp = SCp +

∫ θ

θ

(
π(θ, θ) +

∫ θ

θ
α̃(s)ds

)
g(θ)dθ

=

∫ θ

θ

(
J(θ)α̃(θ) +

∫ c

c
p̃(θ, c)(c− c0)h(c, α̃(θ))dc

)
g(θ)dθ + π(θ, θ) + c0,

where J(θ) = θ + G(θ)
g(θ) .

Now the principal’s problem can be written as

min
α̃(θ),p̃(θ,c)

TCp

subject to

α̃(θ) ≥ 0, ∀θ; (52)

α̃(θ) is decreasing in θ; (53)

πp(θ, θ) ≥ 0; (54)

0 ≤ p̃(θ, c) ≤ 1, ∀c,∀θ; (55)

p̃(θ, c) is decreasing in c, ∀θ. (56)

Call this Problem (M).

Obviously, πp(θ, θ) = 0 at the optimum. We minimize the objective function pointwisely. That

is, we choose α̃ and p̃(θ, c) to minimize

α̃J(θ) +

∫ c

c
p̃(θ, c)(c− c0)h(c, α̃)dc (57)

for fixed θ.

Notice that there are two unknowns to pin down; one is α̃(θ), and the other is p̃(θ, c). First fix

α̃ and solve for the optimal p̃(θ, c) for this fixed α̃, and then varying across all possible α̃ ≥ 0 will

give the optimal α̃(θ). The optimal p̃(θ, c) for any fixed α̃ and any fixed θ is very simple. In fact,

to minimize the integrand, we should set

p̃∗(θ, c) =

{
1, if c ≤ c0,
0, if c > c0.
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Then ∫ c

c
p̃∗(θ, c)(c− c0)h(c, α̃)dc =

∫ c0

c
(c− c0)h(c, α̃)dc =

∫ c0

c
(c− c0)dH(c, α̃)

= (c− c0)H(c, α̃)|c0c=c −
∫ c0

c
H(c, α̃)dc = −

∫ c0

c
H(c, α̃)dc.

Now (57) becomes

α̃J(θ)−
∫ c0

c
H(c, α̃)dc. (58)

Notice that such p̃∗(θ, c) satisfies constraints (55) and (56) in Problem (M). Hence the next thing

to do is to choose α̃ to minimize the above term. In fact, it is easy to show that there is a unique

α̃∗(θ) that minimizes (58), as the function is strictly convex in α̃, which is characterized by

J(θ)−
∫ c0

c
H2(c, α̃

∗(θ))dc ≥ 0, with equality when α̃∗(θ) = 0. (59)

We have α̃∗(θ) is decreasing in θ (so this will imply IC), and α̃∗(θ) ≤ αFB(θ) with equality only

when θ = θ. The proof is relegated to the subsection entitled “Derivations”(Derivation 1).

Henceforth, let α̃∗(θ) denote the optimal solution. Now, because α̃∗(θ) is nonnegative and

decreasing in θ, all the constraints in Problem (M) are satisfied. Therefore, we have indeed found

the optimal solution to Problem (M).

Implementation

Recall that there is no loss of generality to assume that π̃p(θ, c, c) = 0 for all θ. By (49) and

p̃∗(θ, c) =

{
1, if c ≤ c0,
0, if c > c0,

we have

π̃p(θ, c, c) = π̃p(θ, c, c) +

∫ c

c
p̃∗(θ, s)ds =

{
c0 − c, if c ≤ c0,

0, if c > c0.

Thus

ỹ∗(θ, c) = p̃∗(θ, c)c+ π̃p(θ, c, c) =

{
c0, if c ≤ c0,
0, if c > c0.

This implies that the second-stage mechanism is independent of the agent’s first-stage type. Now

we proceed to characterize the first-stage payment rule.
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By (51),

πp(θ, θ) = πp(θ, θ) +

∫ θ

θ
α̃∗(s)ds =

∫ θ

θ
α̃∗(s)ds.

Recall that

πp(θ, θ) = x̃∗(θ)− θα̃∗(θ) +

∫ c

c
π̃p(θ, c, c)h(c, α̃∗(θ))dc.

Hence

x̃∗(θ) =

∫ θ

θ
α̃∗(s)ds+ θα̃∗(θ)−

∫ c

c
π̃p(θ, c, c)h(c, α̃∗(θ))dc

=

∫ θ

θ
α̃∗(s)ds+ θα̃∗(θ) +

∫ c0

c
(c− c0)h(c, α̃∗(θ))dc

=

∫ θ

θ
α̃∗(s)ds+ θα̃∗(θ)−

∫ c0

c
H(c, α̃∗(θ))dc.

It is easy to obtain that x̃∗(θ) ≤ 0 and is increasing in θ. The derivation is in the next subsection,

entitled “Derivations”(Derivation 2).

Derivations

Derivation 1: Define

φ̃(α̃, θ) = α̃J(θ)−
∫ c0

c
H(c, α̃)dc, (α̃, θ) ∈ [0,+∞)× [θ, θ].

We need to minimize φ̃(α̃, θ). The first-order partial derivative with respect to α̃ is ∂φ̃
∂α̃ = J(θ) −∫ c0

c H2(c, α̃)dc, and the second-order partial derivative ∂2φ̃
∂α̃2 = −

∫ c0
c H22(c, α̃)dc > 0. Hence, φ̃(α̃, θ)

is strictly convex in α̃ so that there exists a unique α̃ ≥ 0 minimizing φ̃(α̃, θ), denoted as α̃∗(θ). The

fact that α̃∗(θ) is decreasing in θ follows from the observation that φ̃(α̃, θ) has increasing difference

in (α̃, θ). Finally, a comparison between (13) and (59) implies that α̃∗(θ) ≤ αFB(θ) with equality

only when θ = θ. (Note that αFB(θ) > 0 for all θ by Assumption 0.) �
Derivation 2: Notice first that

x̃∗(θ) = θα̃∗(θ)−
∫ c0

c
H(c, α̃∗(θ))dc = J(θ)α̃∗(θ)−

∫ c0

c
H(c, α̃∗(θ))dc− G(θ)

g(θ)
α̃∗(θ)

≤ J(θ) · 0−
∫ c0

c
H(c, 0)dc− G(θ)

g(θ)
α̃∗(θ) ≤ 0,

where the first inequality comes from the fact that α̃∗(θ)minimizes the function α̃J(θ)−
∫ c0
c H(c, α̃)dc.
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Therefore, what is left is to show that x̃∗′(θ) ≥ 0. In fact,

x̃∗
′
(θ) = −α̃∗(θ) + α̃∗(θ) + θα̃∗

′
(θ)− α̃∗′(θ)

∫ c0

c
H2(c, α̃

∗(θ))dc

= α̃∗
′
(θ)

(
θ −

∫ c0

c
H2(c, α̃

∗(θ))dc

)
.

Then, ∫ c0

c
H2(c, α̃

∗(θ))dc ≥
∫ c0

c
H2(c, α

FB(θ))dc = θ,

as α̃∗(θ) ≤ αFB(θ). Thus we have θ −
∫ c0
c H2(c, α̃

∗(θ))dc ≤ 0, so x̃∗
′
(θ) ≥ 0 as α̃∗(θ) is decreasing

in θ. �
Derivation 3: We only need to show that p̃∗(θ) > 0 as p̃∗(θ) is increasing in θ. In fact,

p̃∗(θ) = c0 + x̃∗(θ) = c0 +

∫ θ

θ
α̃∗(s)ds+ θα̃∗(θ)−

∫ c0

c
H(c, α̃∗(θ))dc

> c0 +

∫ θ

θ
α̃∗(s)ds+ θα̃∗(θ)− (c0 − c) =

∫ θ

θ
α̃∗(s)ds+ θα̃∗(θ) + c > 0.

�

9 Appendix B

Proof of Lemma A1: From (18), because H22(c, α) < 0 when c ∈ (c, c), α(θ̂, θ) is decreasing

in θ for any fixed θ̂ and strictly decreasing if and only if α(θ̂, θ) > 0. Therefore, for any θ̂, there

exists a unique γ(θ̂) such that α(θ̂, θ) > 0 if and only if θ < γ(θ̂); and α(θ̂, θ) = 0 if and only if

θ ≥ γ(θ̂) (temporarily ignore the situation in which γ(θ̂) /∈ [θ, θ]). When θ < γ(θ̂), (18) holds with

equality. By the implicit function theorem, α(θ̂, θ) is a differentiable function of θ. When θ > γ(θ̂),

α(θ̂, θ) = 0 so that it is also differentiable in θ. As a result, the function α(θ̂, θ) is differentiable

in θ except when θ = γ(θ̂). Because γ(θ̂) may not fall in [θ, θ], α(θ̂, ·) is differentiable everywhere
except possibly at one point. The continuity of α(θ̂, θ) is obvious. �
Proof of Lemma A2: Differentiability follows directly from Lemma A1: By Lemma A1, for any

θ̂, π(θ̂, θ) is differentiable in θ except possibly at one point. Now we show the other two properties.

When θ < γ(θ̂), ∂α(θ̂,θ)∂θ exists, and (18) holds with equality. Thus

∂α(θ̂, θ)

∂θ

(
−θ +

∫ c

c
p(θ̂, c)H2(c, α(θ̂, θ))dc

)
= 0. (60)

When θ > γ(θ̂), α(θ̂, θ) = 0 so that ∂α(θ̂,θ)
∂θ = 0. Therefore, the above equality still holds.
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Notice that π(θ̂, θ) is not differentiable only at θ = γ(θ̂) (note that when γ(θ̂) /∈ [θ, θ], π(θ̂, θ) is

differentiable everywhere). When θ 6= γ(θ̂),

∂π(θ̂, θ)

∂θ
=

(
−θ +

∫ c

c
p(θ̂, c)H2(c, α(θ̂, θ))dc

)
∂α(θ̂, θ)

∂θ
− α(θ̂, θ) = −α(θ̂, θ).

Note that for any fixed θ̂, π(θ̂, θ) is continuous in θ and 0 ≤ α(θ̂, θ) ≤ α(θ̂, θ) < +∞. Therefore,
α(θ̂, θ) ∈ [0, α(θ̂, θ)]. Thus when θ ≤ γ(θ̂), π(θ̂, θ) is Lipschitz continuous in θ. Because π(θ̂, θ) is a

constant when θ ≥ γ(θ̂) and π(θ̂, θ) is continuous in θ, we have π(θ̂, θ) is Lipschitz continuous over

the whole domain of θ.49 �
Proof of Lemma A3: Consider the function

g(t) = θhβ
∗(t)− θlγ∗(t) +

∫ t

c
[H(c, γ∗(t))−H(c, β∗(t))]dc, t ∈ [c, c],

where β∗(t) is the (unique) maximizer of

τ1(β) = −θhβ +

∫ t

c
H(c, β)dc, β ≥ 0,

and γ∗(t) is the (unique) maximizer of

τ2(γ) = −θlγ +

∫ t

c
H(c, γ)dc, γ ≥ 0.

That is,

−θh +

∫ t

c
H2(c, β

∗(t))dc ≤ 0, with equality if β∗(t) > 0,

and

−θl +

∫ t

c
H2(c, γ

∗(t))dc ≤ 0, with equality if γ∗(t) > 0.

We need to show that g(t) is increasing in [c, c]. Note that g(t) is a continuous function. By

Assumption 0, θh <
∫ c0
c H2(c, 0)dc. Then there exist t̂1 and t̂2 with c < t̂1 < t̂2 < c0, such that:

β∗(t) = 0 when t ≤ t̂2, β∗(t) > 0 when t > t̂2; γ∗(t) = 0 when t ≤ t̂1, γ∗(t) > 0 when t > t̂1.

Therefore, g(t) = 0 when t ≤ t̂1. When t ∈ (t̂1, t̂2],

g(t) = −θlγ∗(t) +

∫ t

c
(H(c, γ∗(t))−H(c, 0))dc,

where

−θl +

∫ t

c
H2(c, γ

∗(t))dc = 0.

49Here we ignore the situation in which γ(θ̂) is not in [θ, θ]. If this is the case, then obviously π(θ̂, θ) is Lipschitz
continuous, as now it is differentiable everywhere and the derivative is bounded.
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When t ∈ (t̂2, c],

g(t) = θhβ
∗(t)− θlγ∗(t) +

∫ t

c
(H(c, γ∗(t))−H(c, β∗(t)))dc,

where

−θh +

∫ t

c
H2(c, β

∗(t))dc = 0, and − θl +

∫ t

c
H2(c, γ

∗(t))dc = 0.

Therefore, it suffi ces to show that g(t) is strictly increasing in (t̂1, c]. To see this, note that g(t)

is continuous in this interval and differentiable in (t̂1, t̂2) ∪ (t̂2, c).50 Taking derivative with respect

to t: When t ∈ (t̂1, t̂2),

g′(t) = H(t, γ∗(t))−H(t, 0) > 0.

When t ∈ (t̂2, c),

g′(t) = H(t, γ∗(t))−H(t, β∗(t)) > 0,

because γ∗(t) > β∗(t) when β∗(t) > 0.

Thus g(t) is increasing in [c, c]. This completes the proof of Lemma A3. �
Proof of Lemma A4: Recall that the optimal solution α∗(θ) to Problem (O-R-D) is strictly

positive, which implies that c∗(θ) ∈ (ĉ(θ), c0). Therefore, c∗(θ) satisfies the first-order condition:

∂T̃C(c∗(θ), θ)

∂ĉ
= 0.

Take derivative with respect to θ on both sides of the above equation:

∂2T̃C(c∗(θ), θ)

∂ĉ2
· dc

∗(θ)

dθ
+
∂2T̃C(c∗(θ), θ)

∂θ∂ĉ
= 0. (61)

Because ĉ = c∗(θ) is the optimal solution, ∂2T̃C(c∗(θ),θ)
∂ĉ2

≥ 0. It then follows from (61) that
∂2T̃C(c∗(θ),θ)

∂θ∂ĉ > 0 implies dc∗(θ)
dθ < 0. �

Proof of Observation 1: Because
∫ c∗
c H22(c, α)dc < 0, we only need to show that

H22(c
∗, α∗)

∂α(c∗, θ)

∂θ
+
∂α(c∗, θ)

∂θ

∂α(c∗, θ)

∂ĉ

∫ c∗

c
H222(c, α

∗)dc ≥ 0. (62)

50β∗(t) = 0 when t ∈ (t̂1, t̂2), which is trivially differentiable. When t ∈ (t̂2, c), it is differentiable by the implicit
function theorem. γ∗(t) is differentiable when t ∈ (t̂1, c) by the implicit function theorem.
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Using (43) and (44), we have

H22(c
∗, α∗)

∂α(c∗, θ)

∂θ
+
∂α(c∗, θ)

∂θ

∂α(c∗, θ)

∂ĉ

∫ c∗

c
H222(c, α

∗)dc

=
∂α(c∗, θ)

∂θ

(
H22(c

∗, α∗)− H2(c
∗, α∗)∫ c∗

c H22(c, α∗)dc

∫ c∗

c
H222(c, α

∗)dc

)
.

Recall that ∂α(c∗,θ)
∂θ < 0, so it suffi ces to show that

H22(c
∗, α∗)− H2(c

∗, α∗)∫ c∗
c H22(c, α∗)dc

∫ c∗

c
H222(c, α

∗)dc ≤ 0.

Notice that H2(c∗, α∗) > 0; thus the above inequality is equivalent to

H22(c
∗, α∗)

H2(c∗, α∗)
≤
∫ c∗
c H222(c, α

∗)dc∫ c∗
c H22(c, α∗)dc

,

which is implied by Assumption 3. �
Proof of Observation 3: B1 < 0 is equivalent to

(c∗ − c0)
(
H12(c

∗, α∗)− H22(c
∗, α∗) ·H2(c∗, α∗)∫ c∗
c H22(c, α∗)dc

)
<

(
G(θ)

g(θ)

)′
H2(c

∗, α∗).

Because c∗ < c0, the above inequality is equivalent to

H12(c
∗, α∗)− H22(c

∗, α∗) ·H2(c∗, α∗)∫ c∗
c H22(c, α∗)dc

> −H2(c
∗, α∗)

c0 − c∗

(
G(θ)

g(θ)

)′
. (63)

Recall that α∗ < αFB(θ) because θ > θ, and that H22 ≤ 0. Therefore, by Assumption 2,

−H2(c
∗, α∗)

c0 − c∗

(
G(θ)

g(θ)

)′
< −H2(c

∗, αFB(θ))

c0 − c∗

(
G(θ)

g(θ)

)′
< −H2(c

∗, αFB(θ))

c0 − c

(
G(θ)

g(θ)

)′
.

Thus, to show (63), it suffi ces to show that

H12(c
∗, α∗)− H22(c

∗, α∗) ·H2(c∗, α∗)∫ c∗
c H22(c, α∗)dc

≥ −H2(c
∗, αFB(θ))

c0 − c

(
G(θ)

g(θ)

)′
.

Notice that

−H2(c
∗, αFB(θ))

c0 − c

(
G(θ)

g(θ)

)′
≤ − MN

c0 − c
.
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Thus, it suffi ces to show that

H12(c
∗, α∗)− H22(c

∗, α∗) ·H2(c∗, α∗)∫ c∗
c H22(c, α∗)dc

≥ − MN

c0 − c
,

which is implied by Assumption 4. �
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Eső, P. and Szentes, B. “Dynamic Contracting: An Irrelevance Result.”Theoretical Economics,

Vol. 12 (2017), pp. 109-139.

Gershkov, A. and Perry, M. “Dynamic Contracts with Moral Hazard and Adverse Selection.”The

Review of Economic Studies, Vol. 79 (2012), pp. 268-306.

Halac, M., Kartik, N., and Liu, Q. “Optimal Contracts for Experimentation.” The Review of

Economic Studies, Vol. 83 (2016), pp. 1040-1091.

Hendricks, K., Porter, R. H., and Boudreau, B. “Information, Returns, and Bidding Behavior in

OCS Auctions: 1954-1969.”The Journal of Industrial Economics, Vol. 35 (1987), pp. 517-542.

Krähmer, D. and Strausz, R. “Optimal Procurement Contracts with Pre-Project Planning.”The

Review of Economic Studies, Vol. 78 (2011), pp. 1015-1041.

Laffont, J. J. and Martimort, D. The Theory of Incentives: The Principal-Agent Model. Princeton

NJ: Princeton University Press, 2002.

Laffont, J. J. and Tirole, J. “Using Cost Observation to Regulate Firms.”The Journal of Political

Economy, Vol. 94 (1986), pp. 614-641.

Lewis, G. and Bajari, P. “Procurement Contracting with Time Incentives: Theory and Evidence.”

The Quarterly Journal of Economics, Vol. 126 (2011), pp. 1173-1211.

Lewis, G. and Bajari, P. “Moral Hazard, Incentive Contracts, and Risk: Evidence from Procure-

ment.”Review of Economic Studies, Vol. 81 (2014), pp. 1201-1228.

Lichtenberg, F. “The Private R&D Investment Response to Federal Design and Technical Compe-

titions.”The American Economic Review, Vol. 78 (1988), pp. 550-559.

Milgrom, P. and Segal, I. “Envelope Theorems for Arbitrary Choice Sets.”Econometrica, Vol. 70

(2002), pp. 583-601.

Myerson, R. B. “Multistage Games with Communication.”Econometrica, Vol. 54 (1986), pp. 323-

58.

Nyiri, L., Osimo, D., Özcivelek, R., Centeno, C., and Cabrera, M. “Public Procurement for the

Promotion of R&D and Innovation in ICT.”European Commission, Institute for Prospective Tech-

nological Studies, 2007.

Parlane, S. “Procurement Contracts under Limited Liability.”The Economic and Social Review,

Vol. 34 (2003), pp. 1-21.

Pavan, A., Segal, I., and Toikka, J. “Dynamic Mechanism Design: A Myersonian Approach.”

Econometrica, Vol. 82 (2014), pp. 601-653.

51



Piccione, M. and Tan, G. “Cost-Reducing Investment, Optimal Procurement and Implementation

by Auctions.”International Economic Review, Vol. 37 (1996), pp. 663-685.

Rob, R. “The Design of Procurement Contracts.”The American Economic Review, Vol. 76 (1986),

pp. 378-389.

Rogerson, W. P. “Profit Regulation of Defense Contractors and Prizes for Innovation.”The Journal

of Political Economy, Vol. 97 (1989), pp. 1284-1305.

Tan, G. “Entry and R&D in Procurement Contracting.” Journal of Economic Theory, Vol. 58

(1992), pp. 41-60.

Waehrer, K. “A Model of Auction Contracts with Liquidated Damages.” Journal of Economic

Theory, Vol. 67 (1995), pp. 531-555.

Zheng, C. Z. “High Bids and Broke Winners.”Journal of Economic Theory, Vol. 100 (2001), pp.

129-171.

52


